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—— Abstract

Motivation. Priority queues are data structures that maintain a dynamic collection of elements
and allow inserting new elements and removing the smallest element. The most widely known and
used priority queue is likely the implicit binary heap, even though it is has frequent cache misses
and is hard to optimize using e.g. SIMD instructions.

Contributions. We introduce the SimdQuickHeap, a variant of the QuickHeap that was introduced
by Navarro and Paredes in 2010. As suggested by the name, the data structure bears some similarity
to QuickSort. We modify the data layout of the original QuickHeap to have all pivots adjacent in
memory, with elements between consecutive pivots stored in dedicated buckets. This allows efficient
SIMD implementations for both partitioning of buckets and scanning the list of pivots to find the
bucket to append newly inserted elements to.

The SimdQuickHeap has amortized expected complexity O(logn) per operation, which improves
to O(% logn) in non-degenerate cases, where W is the number of words in a SIMD register. In this
case, the I/O-complexity is amortized O(4) per push and O(+4 log, %) per pop.

Results. 1In synthetic benchmarks, the SimdQuickHeap is up to twice as fast as the next-best
competitor, including the non-comparison radix heap, and needs around 1.5log, n comparisons and
log, n nanoseconds per pair of push and pop operations. On graph benchmarks with Dijkstra’s
shortest path algorithm and Jarnik-Prim’s minimum spanning tree algorithm, the SimdQuickHeap
is consistently the fastest.
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1 Introduction

The Priority Queue (PQ) is a fundamental data structure that manages a collection of
elements with associated priorities, allowing the insertion of new elements and the extraction
of the element with the highest priority. PQs are central to a wide range of algorithms
that rely on dynamically reordering and prioritizing tasks, such as perhaps most famously
Dijkstra’s shortest-path algorithm [26], but also job scheduling, discrete event simulation,
and branch-and-bound searches. As a result, PQs have been studied extensively, resulting in
a large variety of priority queue designs (see Section 3).

Despite being among the oldest designs, (implicit) binary heaps are probably still the most
widely used priority queues in practice!. There are compelling reasons for their prevalence:
they are conceptually simple, easy to implement, and have O(log, n) worst-case running time
with small constants for both insertions and deletions. While many theoretically superior
designs have been proposed, most of them are prohibitively complex for practical use, and
surprisingly, only a few priority queue designs that are faster in practice have emerged.

One such design is the QuickHeap [43], introduced in 2010 by Navarro and Paredes. It
uses a recursive partitioning scheme reminiscent of quicksort [36], hence the name?. However,
it has received little attention in the literature. Figure 1 shows a schematic overview of
the QuickHeap among other priority queue designs. We show that, due to its partitioning
scheme, the QuickHeap lends itself to the SIMD (single instruction, multiple data) paradigm
much more naturally than binary heaps and most other heaps based on merging trees or
streams of elements. SIMD instructions are steadily becoming faster, more efficient, more
powerful, and are capable of operating on wider registers. In light of these advancements, we
argue that the QuickHeap should be reconsidered.
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Figure 1 Overview of some heaps. Black dots indicate single elements, and arrows point from
larger to smaller elements. Vertical blocks indicate a sorted list of elements, while horizontal blocks
indicate an unsorted list of elements. The QuickHeap stores pivots separating the buckets.

Contributions. We present SimdQuickHeap, an adaptation of the QuickHeap that achieves
significantly improved performance through optimized data layout and SIMD instructions.
To our knowledge, it is the first practical SIMD-optimized priority queue implementation.
The push and pop operations have an amortized worst-case run time bound of O(logn)
and O(1), respectively. In most practical cases, the SIMD implementation speeds up
both operations by a factor of the SIMD register width W. Like the QuickHeap, the

L They are available in the standard libraries of many programming languages, including C++, Java, C#,
Go, Rust, and Python.

2 Although not a heap in the tree-like sense, the layers between the pivots (Figure 1) do form a linear
tree with unordered sets of elements as nodes.
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SimdQuickHeap is cache-oblivious with an amortized I/O-complexity of amortized O(% log 17)
per operation for a main memory of M words and block size B, assuming M = Q(logn).

On synthetic benchmarks, SimdQuickHeap is up to 2x faster than state-of-the-art
implementations including the radix heap and superscalar sample queue [57]. On real-world
instances of Dijkstra’s shortest path algorithm [26] and Jarnik-Prim’s minimum-spanning-tree
algorithm [38, 47], it is consistently the fastest method. Notably, while the run time of most
tree-based and pointer-based priority queues grows relative to the Q(log, n) lower bound
as n increases, SimdQuickHeap’s run time improves, falling below log, n nanoseconds per
push-pop pair.

Notation and Definitions. Given a universe of elements U and a strict weak ordering < on
U U {—00, 00}, the priority queue (PQ) data structure is a dynamic collection of elements Q
over U (with duplicates permitted) that supports the following two operations:

push(e) Insert an element e € I into Q.

pop() Remove and return a minimal element e € Q, i.e., no ¢’ € Q with €’ < e exists.

For convenience, we assume top (pop without removing) and size (returns |Q|) to also be
available. We deliberately do not consider a decreaseKey operation (that replace arbitrary
elements in the PQ by smaller ones), since it usually requires stable references to elements,
adding significant implementation complexity and runtime overhead. While our definition
admits distinct, equivalent elements, we refer to all equivalent elements as equal elements for
simplicity.

2 The Original QuickHeap

In 2006, Paredes and Navarro presented incremental quick select [45], an algorithm that
takes a list of n elements and then repeatedly returns the next-smallest element, such that
returning the k smallest elements in an online setting takes O(n + klog k) time. The authors
note that their construction can be generalized to a proper priority queue. Consequently,
in follow-up work from 2010, they present the QuickHeap [43]. The QuickHeap organizes
the elements in disjoint buckets B, ..., By that are separated by pivots p1 > ... > pg—1 such
that

00> B =p1=By=pa>=---=pi—1 > By > —o0,

where > (>) indicates that the > (>) inequality holds for all elements in the sets. For the
sake of simplicity, in the following we assume that the PQ contains no two equal elements. See
Section 4.1 for details on how equal elements are handled in our design. The pop operation
picks a new pivot py (e.g., uniformly at random) from the bottom bucket By and moves all
element in By smaller than py into a new bucket Byyi. If the new bucket is empty, it is
discarded and a new pivot is selected. This process is repeated recursively in By until the
bottom bucket contains only one (the smallest) element. Finally, this element is returned
and its bucket is removed. The push operation simply inserts the element into the correct
bucket according to the pivots.

The original implementation [43] stores all buckets and pivots in an interleaved fashion in
a flat array, with an additional array to track the positions of the pivots. Splitting a bucket
is implemented analogously to partitioning in quicksort. To make room for a new element in
a bucket B;, all buckets with index smaller than ¢ are shifted one slot to the right by moving
two elements per bucket. The data structure is stored in a circular buffer, so that removing
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Figure 2 Overview of the QuickHeap data structure [43]. The data is stored in a single buffer.
Pivots are circled and partition the data into smaller (left) and larger (right) elements. Their
positions are stored in a separate list (not shown). An element is pushed by appending it at the
end and then sifting it down until it is less than the corresponding pivot. An element is popped by
repeatedly partitioning the bottom layer and then removing the smallest element.

the smallest element only requires incrementing a pointer. Figure 2 shows the data layout
and illustrates the push and pop operations.

The push and pop operations of the QuickHeap are both in O(logn) in expectation
over uniformly distributed input [43]: the original QuickHeap can degenerate under specific
input distributions. For example, when the inserted elements are decreasing, the number of
buckets/pivots grows linearly over time, causing a run time of O(n) for insertions. Follow-up
work introduces Randomized QuickHeaps [44], which addresses this issue by probabilistic
repartitioning. Specifically, each time a bucket of size s is shifted during an insertion, with
probability 1/s, the Randomized QuickHeap unites bucket with all newer buckets by dropping
the according pivots. While the Randomized QuickHeap achieves O(logn) operations in
expectation for any input, it adds significant overhead for benign cases. Very recently, Brodal
et al. [16] introduced additional rebalancing schemes.

3 Related work

There is a vast body of literature on priority queues that dates back to the 1950s. Here,
we highlight work on practical priority queues and focus on RAM-model complexity, I/O-
complexity, the number of comparisons, and the running time. For a broader overview, we
refer to the survey by Brodal [13] from 2013. A survey on the performance of classic priority
queues is given by Larkin et al. [41]. The QuickHeap does not appear in either of these
surveys, highlighting the little attention it has received.

Complexity lower bounds. There is a strong connection between sorting and priority
queues [54]. Due to the lower bound for comparison based sorting, n insertions followed by
n deletions must take at least nlogy, n comparisons for a comparison-based priority queue. A
pop followed by a push requires at least logy n comparisons in the worst case amortized over
many operations [18].

Binary and d-ary heap. A popular priority queue implementation is the binary heap using
an implicit array representation [61]. The binary heap organizes the elements as a binary
tree, maintaining the heap invariant that no element can be larger than its parent in the
tree (unless it is the root). Thus, no element can be smaller than the root element. A binary
heap can be implemented efficiently using the Fytzinger or heap layout, where the elements
are stored consecutively in a flat array level by level starting from the root. Consequently,
the children of node ¢ are stored at positions 2i and 2i + 1 in the array (1-based indexing).
Both the push and pop operations take O(logy(n)) time.
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The d-ary heap generalizes the binary heap so that each node has up to d children. The
main benefits are better cache locality and fewer levels to traverse. This comes at the cost of
needing to find the minimum of d elements rather than just two on each level when deleting
an element.

Amortized heaps A number of heaps reduce the O(logn) cost of binary heap insertions.
Binomial heaps (Figure 1) [58, 19] have amortized O(1) insertions. Fibonacci heaps [33] and
pairing heaps [32] reduce this to truely constant time insertions, but have only amortized
constant time deletions. The Brodal heap [11] (1996) has O(1) insertions and non-amortized
O(logn) deletions, but has a large hidden constant. Other non-amortized structures are the
cascade heap [6], which has O(1) insertions and O(log* n + log k) for the k’th delete, and the
logarithmic funnel [42], which has O(log" n) insertions and O(logn) deletions.

Unfortunately, all these structures are pointer-based and inefficient in practice. The weak
heap and weak queue are more practical variants of these ideas that can be implemented
using a flat array [27, 20, 28, 29].

decreaseKey. Some of the priority queues mentioned above also support decreaseKey,
which lowers the key associated with a given element. Typically (but not always [21]), data
structures supporting this require pointer stability of the elements and thus an additional
level of indirection, hurting performance. We do not consider these further, but note that in
the pointer-based model there is a lower bound of Q(loglogn) for decreaseKey [37] that is
attained by slim and smooth heaps [51, 52].

I/0-model. Given that optimal priority queues for the RAM-model were already found
early on, further research went into obtaining a good I/O-complexity [1]. In this setting,
we are given an M-word internal memory and must minimize the number of transfers of
B-word blocks to/from external memory. The lower bound for priority queues matches
that of sorting, Q(4 logy, /B ) amortized transfers per operation [1], and a data structure
matching this is given by Jiang and Larsen [17]. Practical implementations of I/O-optimal
priority queues are the array heap [10] and sequence-heap [48], which improves the constant
factor. The QuickHeap has slightly higher I/O cost of O((1/B)log,(n/M)) for the push and
pop operations [43]. With additional support for decreaseKey, the lower bound increases to
Q(5 log B/ loglogn) [30], and O(5 log %/ loglog n) is achieved by [39]. A cache-oblivious [34]
priority queue with optimal amortized complexity that does not rely on the value of M and
B is given by [3, 4], with improvement to O(1/B) insertions in [15]. The buffer heap [22, 21]
supports decreasekey in O( log, 15) transfers and was discovered in parallel with the
bucket heap [14]. The funnel heap [12] is another optimal cache-oblivious queue that relies
on binary mergers (Figure 1) with strategically chosen buffer sizes.

Other priority queues. There are also data structures that exploit integer keys, that typically
are monotone and do not allow decreasing keys. See [23] for a survey. The radix heap [2]
inserts keys into a bucket based on the largest bit in which they differ from the current
minimum, and has amortized complexity O(log C') per operation when inserted keys are at
most C' larger than the current minimum. Like the QuickHeap, bucket sizes grow roughly
exponentially. Further examples are bucket queues [25, 24] (similar to bucket sort) and
O(log w) dynamic predecessor structures for w-bit keys like Van Emde Boas trees [55], Y-fast
tries [60], and fusion trees [31].

Practical /engineered priority queues. Given the plethora of theoretical results, there are
surprisingly few engineered implementations. See [41] for a 2014 survey of the performance
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Figure 3 A schematic overview of the SimdQuickHeap: each bucket is a separate array, and the
pivots are stored in their own array in sorted order.

of the classic data structures. Sequence heaps (2000) [48] provide an optimized I/O-efficient
implementation based on merging sorted lists, with the drawback that elements are eagerly
sorted, even when they are never removed. The QuickHeap (2010) [43] is indeed much faster
when only few elements are removed, and competitive on synthetic benchmarks, but in theory
is less I/O-efficient than the sequence heap. The superscalar sample queue (S3Q, 2021) [57]
is a much more recent engineered data structure based on super scalar sample sort [50], that
uses k-way partitioning instead of k-way merging to reach the optimal I/O-complexity. In
particular, partitioning tends to be easier to optimize than merging, even though k-way
splitting is harder to do evenly than data-independent k-way merging.

One further engineered data structure is the B-heap [40], which implements an implicit
binary heap using a recursive layout like the Van Emde Boas tree [55].

Partition-based heaps. Most methods above are based on variously shaped trees with the
heap property. Some methods, like the QuickHeap, instead use a path-shaped (linear) heap
of buckets, where pivots (implicitly) partition the data into buckets. The priority queue
of [3, 4] uses exponentially growing layers where each layer contains an increasing number
of sorted buffers of increasing size. The buffer heap [22, 21] is conceptually simpler in that
each layer contains an unsorted list of elements. The superscalar sample queue mixes these
ideas, and each level contains k& unsorted buffers. Brodal et al. [16] recently revisited this
concept and provide rebalancing strategies to ensure the number of layers is guaranteed to
be logarithmic.

4 The new SimdQuickHeap

We start by describing the basic scalar design of the SimdQuickHeap based on the original
QuickHeap (see Section 2) and analyze its run time. We then discuss practical improvements
using SIMD.

4.1 Scalar Design

Our variant of the QuickHeap keeps an explicit decreasing array of all pivots, as shown on
the left in Figure 3. Second, the buckets are stored in individual buffers, rather than as a
single allocation. The push operation classifies each element using a binary search on the



SimdQuickHeap: The QuickHeap Reconsidered

Algorithm 1 Pseudo code for the SimdQuickHeap data structure. The pop operation assumes
that it is not empty.

structure SIMDQUICKHEAP(T)
pivots : Vec(T'), a vector of decreasing pivots
buckets : Vec(Vec(T)), the vector of bucket vectors
£: the number of buckets

1. procedure PUSH(x)

2 i < CLASSIFY (z, pivots) > Binary search the first pivot < x.

3 buckets[i].PUSHBACK (z)

1: procedure POP

2 while buckets[¢].LEN() > 1 do > Partition the bottom layer repeatedly.

3: i < SELECTPIVOT({)

4: p < buckets[][i]

5 B < PARTITION(%, {)

6 if B # () then

7 buckets.PUSHBACK(B)

8 pivots.PUSHBACK(p)

9: l+—10+1

10: x < buckets[¢].POPBACK()

11: l—0-1

12: L return zx

procedure PARTITION(%, b) > Partition bucket b in-place.
p + buckets[b][i] > Returns elements less than p.
k<1
B + Vec(T)()
for j € [1, bucket[b].LEN()] do

if buckets[b][j] < p or (j > i and buckets[d][j] < p) then

‘ B.pusHBACK (buckets[b][j])

else

L buckets[b][k] « buckets[b][]]

k< k+1

buckets[b]. RESIZE (k)
return B

= =
Mo

pivot array and then appends it to the respective bucket. To partition the bottom bucket for
the pop operation, a pivot is selected and all elements smaller than the pivot are moved to a
newly allocated bucket, while compactifying the remaining elements in-place, as shown in
Algorithm 1. In case we selected the smallest element in the bucket as a pivot, no element
moves to the new bucket, so we pick a new pivot and start over. However, if all elements in
the bucket are equal, this does not terminate. For this reason, we treat elements equal to
the pivot specially.

Equal Elements. If all elements in a bucket are equal, we need to ensure that partitioning
terminates and does not degenerate to splitting off one element at a time. To achieve this,
elements in the bucket that are on the left of the pivot are moved down when they are strictly
smaller than the pivot, while elements on the right of the pivot are moved down when they
are smaller or equal. This way, in expectation half the (non-pivot) elements are moved to
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the new bucket. Since the pivot itself remains in its bucket, we maintain the invariant that
no bucket is ever empty, unless the data structure is completely empty, in which case there
is only one empty bucket. Alternatively, one could use dedicated buckets for elements equal
to the pivot, but we did not pursue this strategy further. Note that our strategy allows for
elements equal to the pivot p; to be in buckets B; and B;y;.

Pivot Selection. Similar to quicksort, the performance of the SimdQuickHeap depends
on the quality of the pivots. The median would be the ideal pivot, as it splits the bucket
into two equal parts. Experimentally, the median of three random samples offered good
performance across all tested workloads. Stronger strategies, such as the true median or
median-of-medians [7], did not justify their additional overhead.

Rebalancing. The SimdQuickHeap does not suffer from degenerate inputs as much as the
original QuickHeap (see Section 2): While the original QuickHeap “bubbles down” elements
to insert them, the SimdQuickHeap uses binary search to classify elements, which takes
O(logn) time no matter the number of pivots. Thus, we do not employ any rebalancing
strategies in our implementation. However, we will consider rebalancing in future work, since
it still has many potential benefits: When there are O(logn) buckets, the binary search has
complexity O(loglogn) [16]. Alternatively, this allows for a simple linear scan in O(logn).

1/O-complexity. When the number of layers is indeed O(logn), the SimdQuickHeap has
the same amortized I/O-complexity as the QuickHeap: O(% log, 17) per operation, assuming
that the first size-B block of each bucket fits in the cache, i.e., M = Q(Blogn). Specifically,
classifying a pushed element then does not require any memory transfers since the pivots
are in memory, and appending it to a block incurs amortized O(%) transfers by buffering
the last block of elements appended to each bucket. The memory access patterns for the
partitioning step are similar to the original QuickHeap, and the original analysis applies.

4.2 Amortized analysis

For simplicity, we also assume that the true median is used as a pivot (as this can be found in
linear time), and that no two elements are equal. Using the median of three random elements
yields the same bounds for push and, in expectation over the random pivot selection, also for
pop. This can be shown with a similar, more technical, proof that uses the fact that median
of three random elements gives a constant-factor split in expectation.

» Theorem 1. For the SimdQuickHeap containing n elements, the push operation takes
O(logn) amortized and worst-case time, the pop operation takes O(1) amortized time.

Proof. The push operation can classify the element to insert in O(logn) time via a binary

search on the pivots, since there are at most ¢ < n — 1 pivots. Appending the element to the

correct bucket takes constant time, resulting in a total worst-case run time of O(logn).
For the amortized run time analysis, we define the potential function

4
=c- Y (IBil+ 1)In(|Bi| + 1)
=1

for some sufficiently large constant c. Let k; = |B;| + 1 be the weight of the bucket B;. Then,



SimdQuickHeap: The QuickHeap Reconsidered

inserting an element into bucket B; increases the potential by

Apush,i® = c(k; + 1) In(k; + 1) — ck; In(k;)
=ck;In(1+k; ') +cln(k; + 1)
<c(1+1In(k; +1)) using In(1+z) <z
< 2cln(n +2) € O(logn).

Thus, the push operation takes O(logn) amortized time.

The pop operation first finds the median of the bottom bucket of size k;, as pivot and
partitions it, resulting in two buckets of equal size k;/2. This takes O(k¢) time and changes
the potential (ignoring rounding errors) by

Apart® =2 (ck; In <I¥)> — ckeln(ke) = —cke In(2).

Repeatedly partitioning until the bottom bucket contains only one element changes the
potential (again, ignoring rounding errors) by Ao, ® = —cln(2) (ke + %" + % +...+2)=
—Q(cky) and takes O(ky) time. Thus, with ¢ sufficiently large, the potential can “pay” for
the O(ky) actual cost of the pop operation, giving O(1) amortized time. <

4.3 Practical Optimizations

Here, we describe practical optimizations that take advantage of the data layout of the
SimdQuickHeap. Let W be the number of elements that fit into one SIMD register. When
the number of layers is O(logn) indeed, together, the two optimizations below result in an
O(5 logn) algorithm.

Classification. If the number of pivots is small, a linear scan can be faster than a binary
search, thanks to better cache efficiency and branch predictions. We therefore employ a
SIMD-optimized linear scan unless the number of pivots surpasses some threshold, where we
fall back to binary search. In practice, the threshold is large enough such that the linear
scan is used for all feasible inputs where the number of buckets is in O(logn). We compare
W consecutive pivots at once with SIMD, resulting in a run time of O(% logn) when the
number of pivots is in O(logn).

Partitioning. Multiple partitioning schemes using SIMD have been proposed [9, 59]. We
use a straightforward mechanism: We load W values from the bucket and compare them
against the pivot at once in O(1) time. Using AVX2 permutevar® (~ 3 cycles) or AVX-512
compress (~ 6 cycles) instructions, we can then efficiently move the values smaller (or larger)
than the pivot the start of the register. Finally, we append these values to the back of the
bucket array. This way, partitioning a bucket of size m takes O(m/W) time.

In practice, the constant overheads of this partitioning scheme become too large when the
bucket is small (of length O(W)). Thus, we stop the iterative partitioning when the bucket
size falls below length 16. To be able to delete the minimum in the last bucket efficiently, we
keep it sorted in descending order as long as it is smaller than the threshold. Consequently,
when a new element is inserted into the last bucket and the bucket size is below the threshold,
the element is inserted at the appropriate position using a linear scan.

3 See https://lemire.me/blog/2017/04/10/removing-duplicates-from-lists-quickly/.
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5 Experiments

The implementation of the SimdQuickHeap and the evaluations are written in Rust and are
available at github:ragnargrootkoerkamp/quickheap. We use an AMD Zen 4 EPYC 9684X
(92 cores, 64 KiB L1 cache, 1 MiB L2 cache, and 32+64 MiB L3 cache for each package
of 8 cores) with a 12-channel DDR5 RAM running Rocky Linux 9.4 for the experiments.
All experiments are run using a single thread and repeated three times after one warm-up
iteration. We report the median of these runs but note that the measurements had generally
very little variance. We enable full link-time optimization to minimize the impact of cross-
language function calls. We further reimplemented some of the benchmarks in C++ for the
C++ implementations, but measured no difference in performance.

Compared implementations. For SimdQuickHeap, we test both 256-bit AVX2 and 512-bit
AVX-512 implementations. We compare against a number of external implementations:

binary heap, the Rust standard library std::collections: :BinaryHeap.

8-ary heap, implementation from the orx_priority_queue Rust crate [5]. This is the
fastest d-ary heap implementation we found, faster than e.g. the implementation in Boost
[8]. The 4-ary variant was slighly slower for large inputs.

radix heap from the radix_heap Rust crate [46].
weak heap from the weakheap Rust crate [53].
sequence heap, the original C++ implementation [48, 49], via Rust bindings.

S3Q, the original superscalar sample queue C++ implementation [57, 56], via Rust bindings.

We re-implemented the original QuickHeap, since the source code was not available to us.
We further implemented a ScalarQuickHeap variant of the SimdQuickHeap that does not use
SIMD instructions and can be instrumented to count internal metrics such as the number of
comparisons.

We tested further implementations in preliminary experiments but excluded them because
they were consistently slower than the ones listed above. In particular, we found no
competitive implementation of theoretically efficient pointer-based structures like Fibonacci
heaps and pairing heaps.

5.1 Synthetic benchmarks

Workloads. We tested each implementation on a set of different synthetic workloads, for
both 32-bit and 64-bit keys. We vary n, the maximum size of the the heap, from 2'° = 1024
to 22% &~ 32 million.

The HeapSort workload first generates n random values and then measures how long it
takes to first push all of them and then pop all of them: push™opop™. In the Wiggle workload,
we grow the structure to size n via a sequence of 3n operations (push o pop o push)™ and then
empty it via (pop o push o pop)™. The ConstantSize workload is initialized by growing the
data structure to contain n elements via (push o pop o push)™ as well. Then, we measure how
long it takes to do 10n pairs of pop o push operations.

In MonotoneWiggle and MonotoneConstantSize, the pushed value is chosen as the last
popped value plus a uniform random constant between 0 and n. In the non-monotone Wiggle,
the pushed value is a uniform random (32 or 64-bit) integer. We note that this non-monotone
case is degenerate, in that most values are pushed to the front of the queue.
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Metrics. We normalize the total time for each workload by the number of pop o push pairs
and by log, n, resulting in the number of nanoseconds needed per fundamental operation,
since there is a lower-bound of log, n comparisons for a pop o push pair when the queue
contains n elements. Separately, we also measure the total number of comparisons made by
each algorithm, as an indication for how closely they approach the lower bound of log, n
comparisons per pop o push.

Results. We see in Figure 4 that the binary heap and d-ary heap slow down significantly as
the data grows beyond the size of the CPU caches. The d-ary heap is consistently around
1.4x faster than the binary heap. The weak heap is surprisingly competitive to the binary
heap.

The radix heap benefits from high cache-locality and gets faster rather than slower as n
grows. It is faster for 32-bit than for 64-bit data. Similarly, as predicted by the theory, the
sequence heap is I/O-efficient and does not slow down on larger inputs. The more modern
and optimized superscalar-sample-queue is around 2x faster for 64-bit data, very close to the
radix heap.

Our reimplementation of the original QuickHeap is on-par with the sequence heap, while
the scalar version of our new heap is 2x slower, possibly because the original QuickHeap
uses more efficient in-place partitioning. The SimdQuickHeap is around 8x faster than the
scalar version. Like the other engineered heaps, it gets faster relative to the lower bound as
n increases, indicating that the constant overhead of each push and pop is relatively large
compared to the log, n pivot steps required for each element. The AVX-512 version is up
to 1.2 — 1.4x faster than the AVX2 version, and around 2x faster than the superscalar-
sample-queue. Surprisingly, it also significantly outperforms the radix heap in all tested
cases.

The SimdQuickHeap reaches below log, n nanoseconds per pop o push pair. This means
that it requires around 1 nanosecond for each comparison in the lower bound. Since each
nanosecond corresponds to 3.7 clock cycles, each of which can contain multiple SIMD
instructions on 8 words, the overhead of moving data around is still very large compared to
just the comparisons.

Number of comparisons. On the ConstantSize workload (Figure 6), the binary heap makes
less than 1.1log, n comparisons per pop o push, while the 8-ary heap takes around 2.6logs n
comparisons for this. The binary heap needs more comparisons on degenerate input, while
the weak heap always consistently needs 1.0log, n.

The ScalarQuickHeap makes 1.7 log, n comparisons when using random pivots in combina-
tion with a linear scan over the pivots to insert elements. This decreases to 1.1logy n when
using an oracle that gives the exact median for free, showing that there is some room for
improvement by using a more accurate partitioning scheme.

Running time distribution. When running SimdQuickHeap with n = 22° on the ConstantSize
workload, 21% of the time is spent pushing elements, with 14% (of the total) scanning the
list of pivots to find the right layer to append to. The other 78% of time is spent on pop:
59% partitioning the input, 11% finding the position of the smallest element in the bottom
bucket, and 3% removing and returning this element.

5.2 Graph benchmarks

Two common graph textbook algorithms that require a priority queue are Dijkstra’s al-
gorithm [26] to compute shortest paths on a weighted directed graph with non-negative
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Instance  Description V| |E| max  median  max
(x10%)  (x10°) degree weight weight
CAL Rd. California 1 4 8 3115 54k
CTR Rd. Central USA 14 34 9 3467 54k
GER Rd. Germany 20 41 9 39 62k
USA Rd. USA 23 58 9 3473 92k
RHG2o RHG 1 10 90k 230 999
RHG22 RHG 4 41 941k 230 999
RHG2s  RHG 16 159 595k 232 999

Table 1 Number of edges and vertices of the graph instances that have been used for benchmarking,
as well as the median and maximal edge weight.

edge weights, and Jarnik—Prim’s algorithm [47, 38] to compute minimum-spanning-trees on
weighted, undirected graphs. In this section, we compare running times of the two algorithms
on multiple graph instances using different priority queues.

Setup. We use 32-bit identifiers for vertices/edges and 32-bit non-negative edge weights. We
pack these into a single 64-bit unsigned integer that we use as elements for the priority queues.
Since most implementations do not support decreaseKey (including the SimdQuickHeap, we
re-insert a vertex when a new shorter path is found. When popping a vertex, we check if the
distance stored in the queue matches the best distance found so far, and if not, discard it.

Graph Types. We used different types of graphs to benchmark the performance of the
SimdQuickHeap (Table 1). We test on four road networks of varying sizes with edge
weights represent travel times, all but the German* network downloaded from 9th DIMACS
implementation challenge®. We also test on random hyperbolic graphs generated with
KaGen [35] with 220, 222 and 224 nodes, an average degree of 16 and a power law exponent
of v = 2.3. Edge weights represent the hyperbolic distance.

Results. In Figure 5, we see that the SimdQuickHeap gives the fastest running time for all
graphs for both Dijkstra and Jarnik-Prim. Speedups on road networks are small since the
cache misses involved with traversing the graph are likely the bottleneck. On the hyperbolic
graphs, we achieve speedup factors of up to 3x compared to the binary heap.

6 Conclusion

Due its conceptually simple design, the SimdQuickHeap allows an efficient implementation
using SIMD instructions that has both a good theoretical complexity as well as a great
performance in practice. As predicted by the improved I/O-complexity, the SimdQuickHeap
vastly outperforms the binary and d-ary heap, as well as the weak heap. This new design
gives a 4x speedup over I/O-efficient structures such as the sequence heap (2000) [48] and
QuickHeap (2010) [43], and a 2Xx speedup over the much more recent superscalar sample
queue [57]. Maybe more surprising, the SimdQuickHeap is also up to 2x faster than the
non-comparison-based radix heap.

4 https://illwww.iti.kit.edu/resources/roadgraphs.php
5 http://www.diag.uniromal.it/challenge9/download.shtml
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Figure 5 Relative runtime of the different heaps on multiple graph instances with regard to the
minimum runtime on this instance. The bold bars represent the road networks, and the light bars
represent random hyperbolic graphs of different sizes.

Future Work. Future work will be to implement the recently introduced rebalancing
strategies of [16] to limit the number of buckets, and to evaluate if and how much they
affect performance in both (currently) degenerate and non-degenerate cases. This will
also make the running time and I/O-complexity hold unconditionally. Furthermore, the
current O(4 log, %) I/O-complexity is missing the more efficient log,, /B that is obtained
by multi-way merging/splitting in the sequence heap and superscalar sample queue, and so
the question is whether the QuickHeap naturally extends to multi-way splitting.

Another option is to make a SIMD-optimized version of the radix-heap, as it has a similar
structure with exponentially growing buckets.

From the engineering side, optimizing the partitioning might provide further gains. A
possible drawback of the SimdQuickHeap is the larger memory usage compared to the original
QuickHeap. Using a list of reusable blocks rather than single vectors could reduce memory
usage. Furthermore, the implementation could be expanded to support key-value pairs that
are both 64 bits, bulk-insertions, and multi-threading.
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18 SimdQuickHeap: The QuickHeap Reconsidered
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Figure 6 The number of comparisons per operation relative to the lg, n lower bound in different
workloads. The number of comparisons during push operations is highlighted on the bottom, with
the number of comparisons during pop operations shown on top. The SimdQuickHeap variants differ
in using binary search (B) or linear search (L), and the pivot section (random, median of 3, true
median oracle).
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