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Abstract. The suffix tree — the path-compressed trie of the string’s suffixes — is, arguably, the
most fundamental data structure on strings: introduced by Weiner (SWAT 1973) and McCreight
(JACM 1976), it allows solving a myriad of computational problems on strings in linear time. Mo-
tivated by its large space usage, research in the subsequent 50 years showed first how to reduce its size
by a multiplicative constant through Suffix Arrays, and then how to support suffix tree functionality
in space proportional to the size of the compressed string, see Grossi and Vitter (STOC 2000). Modern
compressed indices such as the r-index of Gagie et al. (SODA 2018, JACM 2020) support suffix tree
operations in O(rlog(n/r)) space and pattern matching queries in O(r) space, where the number r of
runs in the Burrows-Wheeler transform of the indexed string 7 (of length n) is a strong and universal
compressibility measure capturing the string’s repetitiveness. These advances, however, came with a
price: such indices are orders of magnitude slower than classic suffix trees and Suffix Arrays due to poor
cache locality at query time.

In this paper, we solve the long-standing problem of designing small and I/O-efficient compressed
indexes. Classic suffix trees represent unary suffix trie paths with pairs of pointers to 7, which must
be available in the form of some random access oracle at query time. In our approach, instead, we (i)
sort the suffix tree’s leaves according to a more general priority function 7 (generalizing suffix sorting),
(ii) we build a suffiz tree path decomposition prioritizing the smallest (according to 7) paths in such an
order, and (iii) we path-compress the decomposition’s paths as pointers to a small subset of the string’s
suffixes. At this point, we show that the colexicographically-sorted array of those pointers can be used
to obtain a new elegant, simple, and remarkably I/O-efficient compressed suffix tree. For instance,
by taking 7 to be the lexicographic rank of 7’s suffixes, we can compress the suffix tree topology in
O(r) space on top of a nlogo 4+ O(log n)-bits text representation while essentially matching the query
I/O complexity of Weiner and McCreight’s suffix tree. Another solution is obtained by taking 7 to
be the colexicographic rank of 7’s prefixes and using a fully-compressed random access oracle. The
resulting self-index allows us to locate all occurrences of a given query pattern in less space and orders
of magnitude faster than the r-index. Due to the considerable interest that the r-index has gained since
its introduction, we expect our new solution to have a profound impact in the field. More in general, we
provide a mechanism for locating all pattern occurrences for a wide class of functions m, each yielding
a new reachable repetitiveness measure (the number of samples in the corresponding suffix tree path
decomposition).
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1 Introduction

In this paper, we describe a new elegant and very efficient paradigm to solve the well-studied
problem of compressing suffix trees. Suffix trees were introduced in 1973 by Weiner [47] and revisited
(in their modern form) in 1976 by McCreight [35] to solve string processing problems such as finding
longest common substrings and matching patterns on indexed text in linear time. The latter problem
(indexed string matching) asks to build a data structure on a text 7 of length n over alphabet of
size o so that later (at query time), given a string P (the pattern) of length m < n, the following can
be returned: (1) one exact occurrence T[4, j| = P of P in T if any exists (find queries), (2) all exact
occurrences of P in T (locate queries), or (3) the number of exact occurrences of P in T (count
queries). While being extremely fast due to excellent query-time cache locality, suffix trees require
a linear number of words to be stored in memory regardless of the input compressibility and are
therefore not suitable to nowadays massive-data scenarios such as pan-genome indexing (where one
aims at indexing terabytes of data in the form of repetitive collections of thousands of genomes).
This problem was later mitigated by Suffix Arrays [20,33,34], which use only a constant fraction
of the space of suffix trees while supporting (cache-efficiently) a subset of their functionality, still
sufficient to support pattern matching queries.

Subsequent research succeeded (spectacularly) in reducing the space usage of suffix trees and
Suffix Arrays to the bare minimum needed to store the compressed text. Notable contributions in this
direction include the compressed Suffix Array (CSA) [21], FM-index [15], run-length compressed
Suffix Array [32], run-length FM-index [31], r-index [19], Lempel-Ziv-based [27] and grammar-based
[12] indexes (and their variants), and the more recent 0-SA [24]. See the survey of Navarro [38] for
an extensive treatment of the subject. While the first line of work (CSA and FM-index) focused on
entropy compression, the subsequent works mentioned above switched to text compressors capable
of exploiting the repetitiveness of the underlying text sequence (a source of redundancy that entropy
compression is not able to exploit). Among those, the r-index [18,19] and its improvements [5,40,50]
stood out for its linear-time pattern matching query time and its size — linear in the number r of
equal-letter runs in the Burrows-Wheeler transform (BWT) of the text. These works on repetition-
aware compressed text indexes spurred a very fruitful line of research on compressibility measures
(the survey of Navarro [37] covers the subject in detail), culminating in recent breakthroughs [23,25]
which showed that r is a strong and universal repetitiveness measure, being equivalent to all other
known compressibility measures (such as the size of the Lempel-Ziv factorization [30], normalized
substring complexity [26], and straight-line programs) up to a multiplicative polylogarithmic factor.
Altogether, these results laid the theoretical foundations for subsequent works in computational
pan-genomics that showed how the run-length encoded BWT can successfully be used to index
very large collections of related genomes in compressed space [1,2,14,43,44,45].

1.1 Are compressed data structures just a theoretical tool?

Modern compressed indexes such as the 6-SA of Kempa and Kociumaka [24] support random
access and pattern matching queries, but their time complexities depend on a high polynomial
of the logarithm of the text’s length, which makes them hardly practical. Indexes based on the
Lempel-Ziv factorization or on grammar compression mitigate this problem (even reaching optimal
search time [11]), but rely on complex data structures that, again, make them orders of magnitude
slower than simple suffix trees in practice. The r-index (in its improved version [40]) uses O(r)
words of space and solves find, locate, and count queries in O(m) time (assuming constant alphabet



for simplicity), plus the number of occurrences to be reported (if any). While this is essentially the
end of the story in the word RAM model (apart from the problem of searching the bit-packed query
pattern — partially solved in [19]), it does not take into account caching effects. As a matter of fact,
each of the O(m) steps of the backward search algorithm of the r-index and of its predecessor (the
FM-index [15]) triggers I/O operations (that is, likely cache misses). While this was later mitigated
by the move structure of Nishimoto and Tabei [40], that solution still triggers O(m) cache misses.
This does not happen with the suffix tree:

Remark 1. The suffix tree of Weiner [47] and McCreight [35] uses O(n) words on top of the plain
text (nlogo bits) and allows locating all the occ occurrences of any pattern P of length m with
O(d+ m/B + occ) 1/O complexity, where d is the node depth of P in the suffix tree and B is the
number of integers fitting in an I/O block.

To see this, observe that path compression (i.e. each suffix tree edge is represented as a pair
of pointers to the text) makes it possible to compare (a substring of) the pattern with the label
of an edge of length ¢ with O(¢/B + 1) I/O complexity. As a result, each of the d edge traversals
triggers a I/O operation in the worst case®. The additive term d is negligible in practice as in most
interesting scenarios the suffix tree tends to branch mostly in the highest levels (we investigate this
effect in Section 4.2). For instance, if the text is uniform then d € ©(logn) with high probability
since the longest repeated substring’s length is ©(logn) w.h.p. While Remark 1 reflects the original
suffix tree design [35,47] (locating pattern occurrences by subtree navigation), it is worth noticing
that augmenting the suffix tree with the Suffix Array SA [20,34], the occ term gets reduced to
occ/ B since the oce pattern occurrences occur contiguously in SA. In this paper, we stick with the
original suffix tree design of Remark 1 since we are mostly interested in matching the m/B term,
which becomes dominant as the pattern length increases asymptotically (oce, on the other hand,
does not increase when appending new characters to a given query pattern).

The performance gap in the I/O model between compressed indexes and the suffix tree shows
up spectacularly in practice: a simple experiment (see Section 4.2) shows that, while the r-index
is orders of magnitude smaller than the suffix tree on very repetitive inputs, it also solves queries
orders of magnitude slower. The same holds for all the existing compressed indexes using a space
close to that of the r-index. This triggers a natural question:

Can compressed indexes be efficient in the /0O model of computation?

1.2 Contributions and overview of our techniques

The main contribution of our paper is to answer the above question positively. We show that
compressed indexes can be faster (and much smaller) than classic (uncompressed) indexes, while
at the same time being smaller and orders of magnitude faster than modern compressed indexes
such as the r-index. Our main theoretical result states that we can compress the suffix tree topology
to O(r) words on top of a (possibly, compressed) text oracle while still being able to answer most
suffix tree navigation queries efficiently:

 While this is true in general, a more accurate choice of path compression pointers (based on heavy paths) can
reduce the term d to logn in the worst case. Typical suffix tree construction algorithms, however, do not provide
such a guarantee (and, in practice, an arbitrary choice of the pointers leads to good performance anyways).



Theorem 1. Let T be a text of length n over an alphabet of size o. Assume we have access to
an oracle supporting longest common extension (Ice) and random access queries (extraction of one
character) on T in O(t) time. Then, there is a representation of T ’s suffix tree using O(r) words
on top of the text oracle and supporting these queries:

— root() in O(1) time: the suffiz tree root.

— child(u,a) in O(tlogr + log o) time: the child of node u by letter a.

— first(u) in O(log o) time: the lexicographically-smallest label among the outgoing edges of u.

— succ(u,a) in O(logo) time: given node u and a character a labeling one of the outgoing edges
of u, return the lexicographic successor of a among the characters labeling outgoing edges of u
(return L if no such label exists).

— label(u,v) in O(1) time: given an edge (u,v), return (i,j) € [n]? such that the edge’s label is
Tli.j).

— lleaf (u), rleaf(u) in O(1) time: the leftmost/rightmost leaves of the subtree rooted in a given
node u.

— next(u): if u is a leaf, return the next leaf in lexicographic order; we support following a sequence
of k leaf pointers in O(loglog(n/r) + k) time.

— locate(u) in O(1) time: the text position i of a given leaf (representing suffix Ti,n]).

— sdepth(u) in O(1) time: the string depth of node u.

— ancestor(u,v) in O(t) time: whether u is an ancestor of v.

If the text oracle also supports computing a collision-free (on text substrings) hash k(T |i, j]) of any
text substring in O(h) time (an operation we call fingerprinting), then child(u,a) can be supported
in O(t 4+ hlogn + logo) time within the same asymptotic space.

If t is the I/O complexity of lce/random access queries and h is the 1/0 complexity of finger-
printing, then all the above statements are still valid by replacing “O(...) time” with “O(...) I/O
complexity”.

A subset of the above queries suffices to navigate the suffix tree (a task at the core of several
string-processing algorithms) and to solve pattern matching queries. For example, using the cache-
efficient text representation of Prezza [41], supporting lce with O(t) = O(logn) I/O complexity,
fingerprinting with O(h) = O(1) I/O complexity, and extraction of ¢ contiguous characters with
O(1+¢/B) I/O complexity on polynomial alphabets, we obtain the following corollary:

Corollary 1. Let T be a text of length n over alphabet of size o < n°M . The topology of T'’s suffiz
tree can be compressed in O(r) words on top of a text representation [41] of nlogo+O(logn) bits so
that all the occ occurrences of any pattern P of length m can be located with O(dlogn+m/B + occ)
I/O complexity, where d is the node depth of P in the suffiz tree and B is the number of integers

fitting in an 1/0 block.

That is, the same I/O complexity of Weiner and McCreight’s suffix tree up to a logarithmic
factor multiplying d (see Remark 1). At the same time, the space usage on top of the text is reduced
from O(n) to O(r) words (r is orders of magnitude smaller than n on very repetitive inputs [19]).
Furthermore, we show that the term dlogn can be replaced by dlogm with a different technique
(Theorem 3; this is important since in typical applications, m < n holds). Importantly, our result
does not rely on a particular text oracle and can benefit from the vast amount of literature existing
on compressed random access and lce oracles [4,6,28,29] (to cite a few; see also the survey of
Navarro [37]). Using up-to-date cache-efficient compressed data structures, we show experimentally



that an optimized implementation of our fully-compressed index is simultaneously smaller and
orders of magnitude faster than the r-index on the task of locating all pattern occurrences on a
highly repetitive collection of genomes.

Differently from the long line of research on compressed self-indezes [15,21] (integrating index
and text in the same compressed data structure), we obtain this result from separating the indexing
functionality (suffix tree topology) from the text oracle. This is exactly what happens in classic
suffix trees and has the additional advantage of allowing us to play with the text oracle (e.g., by
choosing a different compression method depending on the dataset at hand).

Related work. In their paper introducing the r-index, Gagie et al. [19] showed that full suffix
tree functionality can be supported in O(rlog(n/r)) words of space and logarithmic time for most
operations. By augmenting their representation with an I/O-efficient text oracle (e.g., a plain text
representation), one obtains pattern matching queries with a similar I/O complexity of our Corollary
1, which however uses just O(r) words on top of the text oracle. Additionally, the structure of Gagie
et al. relies on a complex machinery built on top of a grammar-compressed Suffix Array and, to
the best of our knowledge, has never been implemented (nor do we believe it would be practical
since the Suffix Array does not compress as well as the text — read also below).

The move structure of Nishimoto and Tabei [40] managed to reduce the number of I/O oper-
ations of the r-index by a loglogn factor (essentially replacing predecessor queries with pointers),
even though this solution still requires O(m + occ) 1/O operations in the worst case. Practical
implementations [5,50] are one order of magnitude faster than the r-index, albeit several times
larger.

Puglisi and Zhukova [42] showed that relative Lempel-Ziv compression (yielding a very cache-
efficient compressed random access data structure) applied to a transformation of the Suffix Array
does indeed yield good query-time memory locality in practice (even though with no formal guar-
antees), but at the price of blowing up the space of the r-index by one order of magnitude due to
the fact that the Suffix Array does not compress as well as the text.

More recently, Cenzato et al. [9] adopted a new way of approaching the problem: they showed
that, rather than trying to compress the full Suffix Array, a tiny subset of the Prefix Array (the
suffizient array, an integer array of length O(r) [39]) is sufficient to solve pattern matching queries,
provided that (compressed) random access is available on the text. Thanks to good cache-locality
at query time, their approach simultaneously (i) uses less space than the r-index and orders of
magnitude less space than the Suffix Array, and (ii) solves find queries (that is, returns one pat-
tern occurrence) faster than the Suffix Array and orders of magnitude faster than the r-index. In
Appendix A we briefly summarize the ideas behind suffixient arrays.

Overview of our techniques. Even though suffixient arrays do reduce the term m in the query
complexity to O(1+m/B), (i) they allow locating only one pattern occurrence; (ii) even worse, the
returned occurrence depends on implementation details of the index and cannot be chosen by the
user; (iii) as we show in this paper, the smallest suffixient set size x can be twice as large as r. Our
results stem from the observation that the issues (i-ii) are, in fact, connected. As a byproduct, we
also solve issue (iii) by providing a Prefix Array sample of size bounded by r that is still sufficient
to perform pattern matching. Our work can be interpreted as a generalization of suffix sorting: by
sorting the text’s suffixes according to any priority function (permutation) 7 : [n] — [n] satisfying
a natural and desirable order-preserving property (see Definition 4), we obtain a compressed index



that returns the pattern occurrence 7|7, j| minimizing 7(7) among all pattern occurrences. Figure 1
broadly introduces our solution. Intuitively, we (i) sort the suffix tree’s leaves according to 7, (ii) we
build a suffiz tree path decomposition (STPD for brevity) prioritizing the leftmost paths (i.e., smaller
7) in such an order, and (iii) we path-compress the STPD paths by just recording their starting
position in the text. At this point, we show that the colexicographically-sorted Path Decomposition
Array PDA of those positions (a sample of the Prefix Array) can be used to obtain a new elegant,
simple, and remarkably efficient compressed suffix tree.

This procedure can be formalized precisely as follows. In Section 3 we observe that each order-
preserving STPD (i.e., an STPD using an order-preserving 7) is associated with a Longest Previous
Factor array LPF storing in entry LPF[i] the length k of the longest factor T[j,j + k — 1] =
Tli,i + k — 1] occurring in a position j with 7(j) < m(7). This array generalizes the well-known
Permuted Longest Common Prefix Array PLCP (obtained by taking m = ISA, the Inverse Suffix
Array), and the Longest Previous Factor array LPF (obtained by taking m = id, the identity
permutation). Both m = ISA and 7 = id can be easily shown to be order-preserving. Then, the
positions at the beginning of each STPD path — that is, the integers contained in PDA — are
{i+LPF.[i] : i € [n]}. The size of such a set is precisely the number of irreducible values in LPF,
that is, positions 7 such that either i = 1 or LPF[i] # LPF;[i—1] —1 (a terminology borrowed from
the literature on the PLCP array). This is interesting because the number of irreducible values in
LPF; is known to be at most » when m = ISA (and in practice consistently smaller than that, as
we show experimentally). More in general, by taking 7 to be any order-preserving permutation, we
obtain a new compressibility measure (|[PDA|) generalizing the number of irreducible PLCP values.
In Theorem 2 we show that such repetitiveness measure is reachable, meaning that O(|PDA|) words
of space are sufficient to compress the text. We provide a general mechanism of space O(|PDA;|)
(on top of the text oracle) for locating all pattern occurrences on any order-preserving m. When 7
is the lexicographic rank of suffixes (m = ISA) or the colexicographic rank of prefixes (m = IPA,
the Inverse Prefix Array), we describe more efficient (both in theory and practice) strategies for
locating all pattern occurrences. We give more details below.

Lexicographic rank. We start in Section 3.1 with perhaps the most natural order-preserving per-
mutation 7: the lexicographic rank among the text’s suffixes (see Figure 1). We prove that the
corresponding PDA array — called st-lex™ — has size |st-lex™| < r. In contrast, we show that
(i) the smallest suffixient set [9] has size x < r + w — 1, where w < r is the number of leaves in
the Weiner link tree, (ii) show that this upper bound is tight, and (iii) provide an infinite string
family on which [st-lex™| < r < x/2 — 1 holds (Corollary 5). This proves a separation between
r and x and proves that our new sampling of the Prefix Array is superior to suffixient sets as a
function of r. At this point, we consider the dual order-preserving permutation 7 (i) = n — (i) + 1,
yielding an STPD that always chooses the lexicographically-largest suffix tree paths. We prove that
the same bound holds on the size of the corresponding array: |st-lex™| < r. We then show that the
colexicographically-sorted array st-lex = {j — 1 : j € st-lex™ Ust-lex" U{n — 1}}, in addition
to longest common extension queries on the text, supports several suffix tree operations, including
descending to children. Intuitively, we design a constant-size representation R, of any suffix tree
node u = locus(«) (i.e. u is the node reached by reading av € X* from the suffix tree root) formed
by the colexicographic range of « in st-lex, the lexicographically smallest and largest text suffixes
being prefixed by «, and the node’s string depth |a|. Given a character ¢ € X, the representa-
tion of u combined with st-lex and Range Minimum/Maximum Query (RMQ) data structures
of O(|st-lex]|) bits allow us to find the lexicographically smallest and largest text suffixes being



Fig. 1. Overview of our technique. We sort 7T’s suffixes T [i,n] (equivalently, suffix tree leaves) by increasing 7 (7). In
this example, 7 corresponds to the standard lexicographic order of the text’s suffixes (but 7 can be more general).
This induces a suffiz tree path decomposition (an edge-disjoint set of node-to-leaf paths covering all edges) obtained
by always following the leftmost path. At this point, we associate each path with the integer i such the path’s label
is T[i,n] (in the figure, we also color each path according to the color of the associated position 7). In particular, the
label from the root to the first path’s edge is a; x = T[i — k + 1,1], where k is the string depth of the first path’s
edge. Our indexing strategy essentially consists in implicitly colexicographically-sorting strings o, in a subset of
the Prefix Array called the Path Decomposition Array PDA: the colexicographically-sorted array containing (without
duplicates) the first position of each path (in our example: PDA = [11,10,3,7,8]). Observe that, in this example,
there are few (five) distinct path labels: indeed, we show that |[PDA] is bounded by universal compressibility measures
and that it can be used to support basic suffix tree navigation and pattern matching operations.

prefixed by « - ¢. Then, the longest common prefix between those two suffixes (found by a longest
common extension query) is precisely the length of the suffix tree edge reached by reading « - ¢
from the root. This allows us to find the remaining characters 8 € X* labeling that edge, meaning
that the end of the edges is reached by reading « - ¢ - 8 from the root. In turn, this allows us to
reconstruct the representation of node child(x, ¢) via binary search on st-lex and longest common
extension queries.

The procedure sketched above is already sufficient to locate the suffix tree locus of pattern
P and, by navigating the subtree rooted on that node, reporting all the occ occurrences of P in
logarithmic time each, O(occlogn) in total. We reduce this time to O(log log(n/r) +occ) as follows.
Getting the leftmost/rightmost leaves of the subtree rooted in a given node and returning the
beginning ¢ of the suffix 7[i, n| corresponding to a given leaf are easily supported in constant time
each thanks to the particular node representation that we adopt. Finally, leaf pointers (connecting
leaves in lexicographic order) are supported in the claimed running time using techniques borrowed
from the r-index [19] (the so-called ¢-function, optimized with the move technique of Nishimoto
and Tabei [40]), adding further O(r) memory words of space.

General locating mechanism. We proceed in Section 3.2 by presenting a general technique to locate
all pattern occurrences on any order-preserving STPD. Our technique is based on the observation
that array LPF, induces an overlapping bidirectional parse (i.e., a text factorization generalizing



Lempel-Ziv 77 and allowing phrases to overlap) with [PDA | phrases. We prove that these factor-
izations have the following remarkable property: any given pattern P that is a substring of T has
exactly one text occurrence T [i,j] not entirely contained in a single phrase — that is, a primary
occurrence. All the remaining occurrences of P are entirely contained inside a phrase — we call
these secondary occurrences — and can be located from the primary occurrence by resorting to
two-dimensional orthogonal point enclosure in O(logn) time each. To locate the primary occur-
rence, we present an algorithm working on any order-preserving STPD and returning the pattern
occurrence P[i, j] minimizing 7 (7).

Colexicographic rank. In Section 3.3 we then observe that on a particular order-preserving per-
mutation 7, the above general locating mechanism gets simplified: this happens when 7 is the
colexicographic rank of the text’s prefixes (that is, # = IPA). We show that the corresponding
PDA array — deemed st-colex™ — has size |st-colex™| < 7, where 7 is the number of runs in the
Burrows-Wheeler transform of 7 reversed (note the symmetry with |st-lex™| < r). This STPD
possesses a feature that makes it appealing for a practical implementation: the image 7(st-colex™)
of st-colex™ through = is increasing. Ultimately, this implies that we do not need Range Minimum
queries (constant-time in theory, but slow in practice) to identify samples minimizing 7. This sim-
plified version of the algorithm of Section 3.2 allows us to locate the colexicographically-smallest
text prefix being suffixed by the query pattern P. At this point, the locate mechanism of the r-index
allows us to locate the remaining occ occurrences. Due to a smaller space usage with respect to the
compressed suffix tree of Section 3.1 (the constant hidden in the O(7) space usage is close to 3 in
practice), our experimental results on locate queries use an optimized implementation of this index.
Experimentally, we show that this index solves the long-standing locality problem of compressed
indexes, being at the same time smaller than the r-index and one to two orders of magnitude
faster. Due to the considerable interest [1,2,14,43,44,45,50] that the r-index has gained since its
introduction in applications related with computational pangenomics (that is, indexing repetitive
genomic collections), we expect our new solution to have a profound impact in the field.

Text position order. Of interest is also the order-preserving identity permutation 7(i) = i. The
corresponding path decomposition array st-pos™ allows computing the leftmost pattern occurrence
in the text. The size |st-pos™| of this STPD array is the number of irreducible values in the Longest
Previous Factor Array (LPF), a new interesting repetitiveness measure that we analyze both in
theory and experimentally. Letting p = [st-pos™|, we show that p words of space are close to
optimal in the worst case to compress strings of length n with |st-pos™| = p. Together with the
fact that O(p) words of space are sufficient to compress the text (Theorem 2), this indicates that
|st-pos™| is a strong compressibility measure, a fact that we confirm in section 4 by showing
that |st-pos™| is consistently smaller than r in practice. We then briefly discuss applications of
this STPD and observe that it is tightly connected with (1) the celebrated Ukkonen’s suffix tree
construction algorithm, and (2) the PPM* (prediction by partial matching) compression algorithm.

2 Preliminaries

Let X be a finite integer alphabet of size o endorsed with a total order <, which we call the
lezicographic order. A string of length n over X is a sequence § = S[1]S[2]---S[n] € X™. The
reverse 8" of § is 8"V = S[n|S[n — 1] - - - S[1]. With X* we denote the set of strings of arbitrary
length, ie., 2* = (J,,5o 2" A teat is a string 7 € X" such that symbol 7[n] = $§ € X appears

7



only in 7[n] and is lexicographically-smaller than all other alphabet symbols, i.e., $§ < ¢ for all
ce X\ {$}.

With [z, j] we denote the integer interval {i,7+1,...,7} and with [¢] the interval [1,4]. For an
arbitrary string S € X* and an interval [4, j|, we let S[i,j] = S[i]S[i + 1]...S[j]. A string « is a
substring of a string S, if there exists an interval [i, j] such that o = S[i,j]. If i = 1 (j = n), we
call 8[i,j] a prefix (suffiz) of S. The string SJi, j| is called a proper prefix (proper suffiz) if it is
a prefix (suffix) and in addition S[i,j] # S. To improve readability, we use symbols S and T to
indicate the main string/text subject of our lemmas and theorems (usually, this is the string/text
being indexed), and Greek letters «, 3, ... for their substrings.

We use the same notation that is used for strings for indexing arrays, i.e., if A € U™ is an array
of n elements over a universe U, then A[i,j] = A[i]... A[j]. For a function f with domain U, we
use f(A) to denote the array f(A[l])... f(A[n]).

Definition 1. A substring a of S is said to be right-maximal if (1) it is a suffix of S or (2) there
exist distinct a,b € X such that aa and ab are substrings of S.

We extend the lexicographic order from X to X* as follows, denoting it with <. For two
strings (substrings) « and f, it holds that a <jex 8 if « is a proper prefix of 3, or if there exists j
such that afi] = p[i] for all i € [j — 1] and «[j] < B[j]. The co-lexicographic order <colex is defined
symmetrically: for two strings « and 3, it holds that a <cgex B if « is a proper suffix of 5, or if there
exists j such that af|a| —i+ 1] = B[|8] —i+ 1] for all i € [j — 1] and of|a| — 5+ 1] < B[|58] — 7+ 1]-

We proceed with the definition of the longest common prefix (suffix) functions.

Definition 2 (lcp, lcs). The longest common prefix function lcp (the longest common suffix func-
tion lcs) is defined as the function that, for two strings o € X" and 8 € X™, returns the mazimum
integer k = lep(a, B) (k =les(a, B)) such that afl,k] = B[1,k] (a[n —k+1,n] = B[m —k+1,m]).

Using these functions we now define longest common extension oracles.

Definition 3 (rlce, llce, and lce). Let S be a string of length n. The right (left) longest common
extension function S.rlce (S.llce) is the function that, for two distinct integers i,j € [n], returns
S.rlee(i, j) = lep(Si,nl, S[j,n]) (Slce(i,j) = les(S[1,14],S[1,5])). A longest common extension
(Ice) oracle is an oracle that supports both S.rlce and S.llce queries for the string S.

If the string S is clear from the context, we simply write rlce and llce instead of S.rlce and S.1lce.
We review further basic concepts that we consider the expert reader to already be familiar with
in Appendix B. This includes the Suffix Array, suffix tree and Burrows-Wheeler transform.

3 Order-preserving STPDs

As introduced above, the starting point of our technique is the choice of a priority function (permu-
tation) 7 : [n] — [n] that we use to generalize suffix sorting. In this paper we focus on permutations
possessing the following property (but the technique can be made to work on any permutation: we
will treat the general case in an extension of this article).

Definition 4 (Order-preserving permutation). Let S € X" be a string and 7 : [n] — [n] b
a permutation. The permutation 7 is said to be order-preserving for S if and only if w(i) < 7r(])
Sli,i+ 1) = S[j,j + 1] implies w(i + 1) < w(j + 1) for alli,j € [n —1].



The above property is sufficient and necessary to guarantee the following desirable universal
minimization property: if S[i,j] = S[¢/, '] are two pattern occurrences, then 7(i + k) < 7(¢' + k)
either holds for all k& € [0,j — i] or for none. It is a simple exercise to show that the lexicographic
rank of suffixes, the colexicographic rank of prefixes, and the identity function are order-preserving
permutations (but not the only ones). We will prove this formally in Lemmas 4 and 12.

Suffix tree path decomposition. In this paper, a suffix tree path decomposition (STPD) is an edge-
disjoint collection of node-to-leaf paths covering all the suffix tree’s edges built as follows. Since
we will never start a path on an implicit suffix tree node, we can equivalently reason about path
decompositions of the suffiz trie. We describe how to obtain the STPD associated with a given
order-preserving permutation 7w, as we believe this will help the reader to better understand our
technique. Then, we will make the construction fully formal. Let 7 € X™ be a text. Imagine
the process of inserting 7’s suffixes 7T[i,n] (for i € [n]) in a trie in order of increasing (7). The
path associated with the first suffix 7[7~!(1),n] in this order is the one starting in the root and
continuing with characters T[7~1(1),n]. When inserting the j-th (j > 1) suffix T[7~1(j),n], let
k = max; - jrlce(r(j'), 771(j)) be the longest common prefix between the j-th suffix and all the
previous suffixes in the order induced by m. The corresponding new path in the decomposition is
the one starting in the suffix tree locus of string 7 [r~1(j), 7 1(j) + k — 1] and labeled with string
TIn~1(45) + k,n]. In other words, the path associated with T [r~1(j), n] is its suffix that “diverges”
from the trie containing the previous suffixes in the order induced by 7. See Figure 1, where leaves
(suffixes) TTi,n| are sorted left-to-right in order of increasing (i) where m = ISA.

The core of our indexing strategy is to store in a colexicographically-sorted array PDA all the
distinct integers m~1(j) + k obtained in this process (that is, the starting positions of paths in 7).
We now formalize this intuition.

LPF and PDA arrays. We first introduce the concept of Generalized Longest Previous Factor Array
LPF . Intuitively, this array stores the lengths of the longest common prefixes of a string’s suffixes
in the order induced by 7. This array generalizes the well-known Permuted Longest Common Prefix
(PLCP) array (obtained when taking 7 = ISA to be the lexicographic rank of the text’s suffixes)
and the LPF array (obtained when taking m = id to be the identity function).

Definition 5 (Generalized Longest Previous Factor Array LPFs ;). Let S € X" be a string
and 7 : [n] = [n] be a permutation. The generalized Longest Previous Factor array LPFs -[1,n]
associated with S and m is the integer array that, for i € [n], is defined as:

LPFs..[i] = {0 N if m(3) = 1,

’ max,(;)<x(;) rlce(j, i)  otherwise.
Definition 6 (Path Decomposition Array PDAgs ;). Let S € X" be a string and 7 : [n] — [n]
be an order-preserving permutation. The (suffix tree) Path Decomposition Array PDAgs  associated
with S and m is the set {j = (i + LPFs.[i]) : ¢ € [n]} sorted in colexicographic order of the
corresponding string’s prefizes S[1, j|.

It will always be the case that the indexed string S is fixed in our discussion, so we will simply
write LPF, and PDA instead of LPFs , and PDAg ., respectively. When also 7 is clear from the
context, we will write LPF and PDA.



Ezample 1. Consider the STPD of Figure 1. In this example, 7(7) is the rank of leaf 7 in lexicographic
order (in other words, # = ISA): 7 = (4,5,8,11,7,10,6,9,3,2,1). Then, the corresponding LPF
array corresponds to the PLCP array: LPF = PLCP = [2,1,4,3,2,1,0,0,1,0,0]. For instance,
LPF[1] = 2 because m(1) = 4 and the suffixes T[j,n] with 7(j) < 7(1) are those starting in
positions j € {11,10,9}. Among those, the one with the longest common prefix with 77[1,n] is
T1[9,n], and their longest common prefix is 2 = LPF[1].

At this point, the sequence i + LPF[i] for i = 1,...,n is equal to (3,3,7,7,7,7,7,8,10,10,11).
The Path Decomposition Array is the array containing the distinct values in such a sequence, sorted
colexicographically: PDA = [11,10,3,7,8] (that is, j precedes j' in the order if and only if 71, j]
is colexicographically smaller than 71, j']).

The STPD associated with 7 and the corresponding array PDA; are said to be order-preserving
if 7 is order-preserving.

The expert reader might have noticed that, for the permutation 7 used in Example 1 (lexi-
cographic rank), the values in PDA are in a one-to-one correspondence with the irreducible LCP
values (known to be at most r in total, which gives a hint of how we will later prove |[PDA;| <r
for this particular 7). As a matter of fact, our technique generalizes the notion of irreducible val-
ues to any array LPF, such that 7 is order-preserving. First, note that the array LPF, is almost
nondecreasing:

Lemma 1. For any string S € X, if 7 is order-preserving then for every i > 1 it holds LPF[i] >
LPF.[i — 1] — 1. In particular, the sequence i + LPF[i], fori=1,...,n, is nondecreasing.

Proof. If, for a contradiction, it were k = LPF;[i — 1] > LPF.[i] + 2 > 2, then the position
j—1with 7(j — 1) < w(¢i — 1) such that S[j — 1,j + k — 2] = S[i — 1,i + k — 2] would satisfy
S[7 —1,j] = S[i — 1,4] hence, by the order-preserving property of 7, 7(j) < 7(i¢) would hold. But
then, since S[j, 7+ k — 2] = S[i, i+ k — 2], we would have LPF[i] > rlce(i, j) > k—1 > LPF.[i] +1,
a contradiction. a

Values where the inequality of Lemma 1 is strict are of particular interest:

Definition 7. Let S € X™ be a string and w : [n] — [n] be an order-preserving permutation. We say
that i € [n] is an irreducible LPF position if and only if either i = 1 or LPF,[i] # LPF [i —1] —1.

It is a simple observation that LPF[i] = LPF[i — 1] — 1 is equivalent to (i — 1) + LPF [i — 1] =
i + LPF.[i], from which we obtain:

Remark 2. For any order-preserving permutation 7 : [n] — [n], {x € PDA;} = {i + LPF,[{]
i is an irreducible LPF position}, hence |PDA .| is equal to the number of irreducible LPF, posi-
tions (since PDA, contains distinct values).

The following lemma generalizes the well-known relation between irreducible PLCP values and
the Burrows-Wheeler transform [22, Lemma 4] in more general terms.

Lemma 2. Let S € X" be a string and 7 : [n] — [n] be an order-preserving permutation. Let

moreover i > 1 be an irreducible LPF, position. Then, for every j > 1 with w(j —1) < w(i —1) and
rlce(i, j) = LPF[i], it holds that S[i — 1] # S[j — 1].
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Proof. Let i > 1 be an irreducible LPF; position. We analyze separately the cases (i) LPF,[i] =0
and (i) LPF,[i] > 0.

(i) If LPF,[i] = 0 and 7 > 1 is irreducible, then by definition of irreducible position LPF[i—1] #
LPF,[i] + 1 holds. Combining this with Lemma 1 we obtain LPF,[i — 1] < LPF.[i] + 1 = 1, hence
LPF,[i — 1] = 0. Assume now, for a contradiction, that there exists j > 1 with 7(j — 1) < 7(i — 1),
rlce(i,j) = LPF;[i] = 0, and S[i — 1] = S[j — 1]. In particular, this implies rlce(i — 1,5 — 1) = 1.
Then, 0 = LPF;[i — 1] > rlce(i — 1,j — 1) = 1, a contradiction.

(ii) Let LPF.[i] > 0 and ¢ > 1 be irreducible. Let moreover j > 1 be such that rlce(i,j) =
LPF,[i]. Assume, for a contradiction, that S[i — 1] = S[j — 1]. Then, since 7(j — 1) < 7(i — 1),
LPF;[i — 1] > rlce(i — 1,j — 1) = LPF[i] + 1 holds. On the other hand, by Lemma 1 any order-
preserving 7 must satisfy LPF,[i — 1] < LPF,[i] + 1. We conclude that LPF [i — 1] = LPF.[i] + 1,
hence ¢ cannot be an irreducible position and we obtain a contradiction. O

Later we will use Remark 2 and Lemma 2 to bound the size of our compressed suffix tree.

Lemma 3 formalizes the following intuitive fact about order-preserving STPDs. Consider an
STPD built on string S using order-preserving permutation 7. If for a suffix tree node u = locus(«),
the three nodes parent(u), u, and child(u,a) belong to the same STPD path (for some a € X),
then for any other outgoing label b € X' of node wu, string « - b suffixes at least one sampled prefix
S[1,t], for some t € PDA,.

Lemma 3. Let S € X" be a string and m : [n] — [n] be an order-preserving permutation. For
any one-character right-extension « - a of a right-maximal substring « of S, define w(a - a) =
min{7(i —1) : S[1,4] is suffixed by « - a}.

Then, for any two distinct one-character right-extensions a-a # a-b of o with w(a-a) < m(a-b),
there exists t € PDA, such that S[1,t] is suffived by o - b.

Proof. Let a,b € X with m(a-a) < w(a-b). Let 5, j be such that 7(j') = 7(a-a) < m(a-b) = 7(j). In
particular, S[1, j'+1] is suffixed by «-a and S[1, j+1] is suffixed by a-b. Then, by the order-preserving
property of 7 it holds that 7 (j'—|a|+1) < w(j—|a|+1), hence LPF[j—|a|+1] > rlce(j—|a|+1, 5 —
|a|+1) = |a|. On the other hand, by definition of 7(a-b) = min{m(i—1) : S[1,14] is suffixed by «-b},
we also have that LPF.[j — |a| + 1] < |a|. We conclude LPF,[j — |a| + 1] = |a|. But then,
(j — || +1)+ LPF;[j — |a| + 1] = j + 1 € PDA,. Since, as observed above, S[1,j + 1] is suffixed
by « - b, the claim follows by taking ¢t = 7 + 1. a

We conclude with the following result, implying that |PDA;| is a reachable compressibility
measure for any order-preserving .

Theorem 2. Let S € X" be a string over alphabet of size 0 = |X| and © : [n] — [n] be an
order-preserving permutation. Then, S can be compressed in O(|PDA|log(no)) bits of space.

Proof. Our compressed representation is as follows. For each irreducible LPF; position i, we store
the quadruple (i, LPF.[i], s;,S[i + LPF[i]]), where s; is the “source” of i, that is, any integer
si € [n] such that 7(s;) < w(i) and S[si, s; + LPFz[i| — 1] = S[i,7 + LPF,[i] — 1] (if LPF,[i] = 0,
the latter condition is true for any s; € [n]). This set of quadruples takes O(|PDA|log(no)) bits
of space by Remark 2.

We show how to reconstruct any character S[j] given j € [n] and the above representation. We
consider two cases.
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(i) If j = i+LPF,[i] for some quadruple (i, LPF[i], s;, S[i+LPF[i]]), then S[j] = S[i+LPF[i]]
(explicitly stored) and we are done.

(ii) Otherwise, find any quadruple (i, LPF[i], s;, S[i + LPF[i]]) such that i < j < i+ LPF[i]
(there must exist at least one such quadruple since j is either irreducible or reducible). Let j; =
s;i+(j—1). By the definition of s;, it holds that S[j] = S[j1]. Moreover, since S[s;, s;+LPF[i] —1] =
Sli,i + LPF.[i] — 1], n(s;) < 7(i), and by the order-preserving property of 7, it follows that
m(j1) < 7(j). We repeat recursively the above procedure to extract S[ji1]. Let j,ji,j2,... be the
sequence of text positions, with S[j] = S[j1] = S[j2] = ..., obtained by repeating recursively the
above procedure. Since 7(j) > 7(j1) > 7m(j2) > ..., and since w(q) € [n] for all ¢ € [n], it follows
that the above recursive procedure must stop in case (i) after at most n steps. O

We proceed as follows. First, we discuss the notable order-preserving permutation given by
the lexicographic rank of the text’s suffixes (Subsection 3.1). This permutation will enable us to
support most suffix tree operations in O(r) space on top of the text oracle. Then, in Subsection
3.2 we describe a general locating mechanism working on any order-preserving STPD. After that,
we focus on another particular order-preserving permutation: the colexicographic rank of the text’s
prefixes (Subsection 3.3). This case is particularly interesting because it allows us to simplify the
locating algorithm of Subsection 3.2, and will lead to a practical solution (used in our experiments
in Section 4). Finally, in Subsection 3.4 we consider yet another remarkable order-preserving per-
mutation: identity. This permutation will allow us to locate efficiently the leftmost and rightmost
pattern occurrences.

3.1 Lexicographic rank (st-lex): suffix tree navigation

Figure 1 depicts the STPD obtained by choosing 7 = ISA = SA™! to be the Inverse Suffix Ar-
ray (in this subsection, = will always be equal to ISA). We denote with st-lex™ = PDA; the
path decomposition array associated with this permutation 7. Similarly, st-lex™ denotes the path
decomposition array associated with the dual permutation 7(i) = n — ISA[i] + 1. The following
properties hold:

Lemma 4. Let T € X" be a text. The permutations m, 7 defined as w(i) = ISA[i] and 7(i) =
n —ISA[i]| + 1 fori € [n]| are order-preserving for T. Furthermore, it holds that |st-lex™ | < r and
|st-lex™| < r.

Proof. For every i,j € [n — 1] such that T[i,n] <jex T[j,n] and T[i] = T'[j], it holds that T[i +
1,n] <ex T[7 + 1,n] by definition of the lexicographic order. This proves the order-preserving
property for m and 7.

By Remark 2, it holds that |st-1lex™| is equal to the number of irreducible LPF, positions. We
bijectively map each irreducible LPF, position i to BWT[ISA[i]] and show that BWT[ISA[:]] is
the beginning of an equal-letter BWT run. This will prove |st-lex™| < r. Symmetrically, to prove
|st-lex™| < r we bijectively map each irreducible LPFz position i to BWT[ISA[4]] and show that
BWT[ISA[i]] is the end of an equal-letter BWT run. Since this case is completely symmetric to the
one above, we omit its proof. Let ¢ be an irreducible LPF, position. We analyze the cases (i) i = 1
and (ii) ¢ > 1 separately.

(i) If i« = 1, then BWT[ISA[i]] = $. Since the symbol $ occurs only once in 7, BWT[ISA[i]] is
the beginning of an equal-letter BWT run.
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(ii) If ¢ > 1, then either ISA[i] = 1 and therefore BWT[ISA[i]] = BWT][1] is the beginning of an
equal-letter BWT run, or ISA[i] > 1. In the latter case, let j = SA[ISA[i] — 1] (in particular,
ISA[j] = ISA[i] — 1). If j = 1, then BWT[ISA[j]] = $. Since the symbol $ occurs only once
in 7, BWT[ISA[i]] is the beginning of an equal-letter BWT run. In the following, we can
therefore assume ¢ > 1 and 7 > 1.

Then, by the definition of LPF, = PLCP, it holds that LPF.[i] = rlce(i,j). We show that it
must be BWT[ISA[i]] = T — 1] # T[j — 1] = BWT[ISA[j]] = BWT[ISA[i] — 1], which proves
the main claim. If, for contradiction, it was T[i — 1] = T[j — 1], then ISA[j] < ISA[i] would imply
7w(j—1) =ISA[j — 1] < ISA[i — 1] = 7(i — 1). But then, Lemma 2 would imply 7[i — 1] # T[j — 1],
a contradiction. O

Data structure. Let 7 € X" be a text. We describe a data structure of O(r) space supporting the
suffix tree queries of Theorem 1 on top of any text oracle supporting Longest Common Extension
(and, optionally, fingerprinting) queries on 7. We store the following components.

(1) The array st-lex containing the integers {j = (i — 1) : i € st-lex” Ust-lex" U{n+1}} C
{0,...,n} sorted increasingly according to the colexicographic order of the corresponding text
prefixes T1,7] (if j = 0, then 771, j] is the empty string). Note that, by Lemma 4, it holds
that |st-lex| < 2r + 1.

(2) Let # ¢ X be a new character not appearing in X' (taken to be lexicographically larger than
all the characters in X). We store a string £[1, |st-1ex|] € (X U {#})/st2¢*| defined as

cji] = {# | if st—lt-j-,x[i] =n,
T[st-lex[i] + 1] otherwise.

We store £ with a wavelet tree [36], taking O(|st-1lex|) space and supporting rank and select
operations in O(logo) time.

(3) The string F[1, |st-1lex|] € (XU{#})5t"2¢*l obtained by sorting lexicographically the characters
of £. We store F with a wavelet tree supporting rank and select operations in O(log o) time.

(4) Let LF and FL be the permutations of [|st-lex|] defined as follows. For any integers i, j, k, if
L[i] = a is the k-th occurrence of a in £ and F[i] = a is the k-th occurrence of a in F, then
LF(i) = j and FL(j) = i (note that FL = FL™1). LF and FL can be evaluated in O(log o)
time by running a constant number of rank and select operations on £ and F.

Definition 8. We denote with st-lex’ the permutation of st-lex defined as follows: for any j €
[|st-lex]||, st-lex/[j] = st-lex[FL(j)] or, equivalently (since FL and LF are inverse of each
other), st-lex[j] = st-lex'[LF(j)].

We store one Range Minimum and one Range Maximum data structure on the array 7(st-lex’),
supporting queries in constant time in O(|st-1lex|) bits of space (we do not need to store st-lex’
explicitly).

Remark 3. While this is not fundamental for our discussion below, it may be helpful from an intu-
itive point of view to observe that string £, once removed character # from it, is a subsequence of
length |st-lex| — 1 of the colexicographic Burrows-Wheeler transform (BWT). Similarly, permuta-
tions LF and FL are the counterpart of functions LF and F'L typically used with the BWT.
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Node representation. Suffix tree navigation operations are supported on a particular represen-
tation of (explicit) suffix tree nodes that we describe next. First, Lemma 3 immediately implies:

Corollary 2. Let u be an explicit suffiz tree node and « be such that u = locus(a). Then, o suffizes
TI1,j] for at least one value j € st-lex.

Follows our representation of suffix tree nodes.

Definition 9 (Suffix tree node representation). We represent suffic tree node u = locus(«)
with the tuple of integers
Ry, = (b, €, imin; imaz, |a|), where

— st-lex[b, €] is the colexicographic range of o in st-lex (by Corollary 2, e > b always holds);

— Tlimin, imin + || — 1] = a is the occurrence of o minimizing 7(imin), that is, T [imin,n| is the
lexicographically-smallest suffix prefized by o;

— Tlimazs imaz + || — 1] = a is the occurrence of o mazimizing 7(imaz), that is, T [imaz,n] is the
lexicographically-largest suffix prefived by o; and

— |a| is the string depth of u.

Remark 4. Observe that n € st-lex|[1,2]. In particular, if 1 € st-lex™ Ust-lex’ then 0 € st-lex.
Since 0 corresponds to the text’s prefix 7[1,0] (the empty string), in this case st-lex[1] = 0 because
the empty string is smaller than any other text prefix. In that case, st-lex[2] = n because T [1,n]
(ending with $) is the second colexicographically-smallest sampled prefix. If, on the other hand,
1 ¢ st-lex™ Ust-lex™, then st-lex[l] = n.

Based on the above remark:
Definition 10. We denote with i* € {1,2} the integer such that st-lex[i*] = n.

Letting u be a leaf, observe that o(u) ends with character $. It follows that the colexicographic
range of a(u) in st-lex is st-lex[i*,7*]. This will be used later.

Suffix tree operations. Next, we show how to support a useful subset of suffix tree operations
on our data structure. This will prove Theorem 1. In the description below, suffix tree operations
will take as input node representations (R,,) instead of nodes themselves (u). Recall that we are
assuming we have access to a text oracle supporting longest common extension (lce) and random
access queries on T in O(t) time and fingerprinting queries in O(h) time.

Root. Let u = locus(e€) be the suffix tree root. Operation root() returns R,, = (1, |st-1ex|, imin, tmaz, 0)
in O(1) time, where T [imin,n| is the lexicographically-smallest text suffix and 7 [ipaz,n] is the
lexicographically-largest text suffix (in other words, imi, = SA[1] = n and imes = SA[n]).

String depth. Let R, = (b, €, imin, imaz, £). Then, sdepth(R,) simply returns ¢ in O(1) time.

Ancestor. Let Ry, = (b, €, imin, imaz, ) and Ry = (U',€',d . il .. 0). If £ > £, u cannot be an
ancestor of v’ so ancestor(Ry, R,/) returns false. Otherwise, ancestor(R,, R,/) returns true if and
only if rlce(imin, i, > {, that is, if and only if the string & = T [imin, tmin+£—1] with u = locus(«)

in)
mwn
is a prefix of o = Ti] ;.00 + ¢ — 1] with o’ = locus(’). This operation runs in O(t) time.
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Is leaf. Let R, = (b, e, imin,imaz, ). Then, isleaf (R,,) returns true (in O(1) time) if and only if
imin = Imaz, if and only if b = e = i* (see Definition 10), if and only if the string & = T [imin, tmin +
¢ — 1] with v = locus(«) ends with $, that is, éyin +£ — 1 = n.

Locate leaf. Let R, = (b, e, imin, imaz, ). The output of locate(R,,) is defined only if isleaf (R,,) is
true. In that case, locate(R,,) returns imin (= tmaz) in O(1) time.

Leftmost/rightmost leaves. Let R, = (b,€,imin,imaz,?). Then, in O(1) time we can compute
lleaf (Ry) = (4,7, tmins tmin, ™ — tmin + 1) and rleaf (Ry) = (¢*,7*, imazs imazs ™ — tmaz + 1).

Edge label. Let (u,u') be a suffix tree edge, with R,, = (b, €, imin, tmaz, ) and Ry = (b, €',1) .0 tr 00, 0).
The function label(Ry, R,/) returns (i), +¢,1 .. + ¢ —1) in O(1) time.

Next leaf. Nishimoto and Tabei [40] showed that, starting from i € [n], k consecutive applications
#(i), $(i), ..., " (i) of the permutation defined below® can be computed in O(loglog(n/r) + k)
time with a data structure using O(r) words of space.

Definition 11 (¢-function). Let ¢ : [n] — [n] be defined as

o) — [SAISALT 1] 1SAL] <,
Y7 saq i ISA[i] = n.

Observe that, by the very definition of ¢, leaf locus(7[4(i),n]) is the next leaf in lexicographic
order after leaf locus(7[i,n]) (unless the latter is the suffix tree’s rightmost leaf).

Let u be a leaf, with R, = (i*,i*,4,4,n — i + 1) (see Definition 10 for the definition of i*).
Then, unless u is the rightmost leaf, next(R,) = (i*,i*, ¢(i), ¢(i),n — ¢(i) + 1). It follows that the
structure of Nishimoto and Tabei can be used to evaluate k consecutive applications of next(-) in
O(loglog(n/r) + k) time.

Smallest children label and successor child. Let u be a node with R, = (b, e, imin, imaz,?). Op-
eration first(R,,) returns the lexicographically-smallest label in L[b, €] (i.e., in out(u)). Operation
succ(R,, a) returns the lexicographically-smallest label in L£[b, €] (out(u)) being larger than a. Both
queries reduce to an orthogonal range successor (also known as range next value) query in the range
L[b, e], an operation that can be solved in O(log o) time on wavelet trees [36]. In both queries, if
# € L[b, e] then we simply ignore it.

Child by letter. The function child(R,,a) is the most technically-interesting operation. Let u be a
node with R, = (b, €, imin, imaz, £) and a € X be a letter. Let & = T [imin, imin + £ — 1] be such that
u = locus(a). Lemma 3 implies the following corollary:

Corollary 3. Let u = locus(a), and let st-lex[b,e| be the range containing the text positions
Jj € st-lex such that T[1,j] is suffized by «. All (and only) the letters labeling the outgoing edges
from node u appear in L[b,e] \ {#}, that is, out(u) = {c : c € L[b,e] Ac# #}.

5 This permutation is usually denoted as ¢ !. Here we instead use the symbol .
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Proof. Ignoring character #, by definition L[b, e] only contains characters following occurrences of
a in T, that is, characters in out(u).

We now show that every ¢ € out(u) belongs to L[b,e]. Assume that ¢ € out(u) is not the
lexicographically-smallest character in out(u) (the other case — c¢ is not the lexicographically-
largest character in out(u) — is symmetric and the following proof adapts by replacing 7 with 7).
Let a # ¢ be the lexicographically-smallest character in out(u). Then, any text suffix being prefixed
by «-a is lexicographically smaller than any text suffix being prefixed by a-¢, hence (since m = ISA)
it holds m(a-a) < w(a-¢) (see Lemma 3 for the definition of this overloading of 7 to right-extensions
of right-maximal strings). But then, Lemma 3 implies that there exists ¢ € PDA; = st-lex™ with
T[1,t] being suffixed by « - ¢, hence t — 1 € st-1lex[b, ] and therefore ¢ € L[b, €. O

Following Corollary 3, if a ¢ L[b, €] (a test taking O(log o) time using rank and select operations
on L), then we can return child(R,,a) = (0,0,0,0,0), signaling that no outgoing edge from wu is
labeled with a.

Otherwise, we first show how to compute @/ .. and i, such that T[il . .n] and T[il,q.. 7]
are the lexicographically-smallest and lexicographically-largest suffixes being prefixed by « - a,
respectively. After that, we show how to use this information to compute child(R,,a).

Observe that |out(u)| > 2, since u is an explicit suffix tree node. We distinguish three cases.
(i) a is neither the lexicographically-largest nor the lexicographically-smallest label in L£[b, e] \ {#},
ie. a # min{c € L[b,e] \ {#}} and a # max{c € L]b,e] \ {#}} hold; (ii) a is the lexicographically-
smallest label in L[b, e] \ {#}, i.e., a = min{c € L[b, e] \ {#}}; (iii) a is the lexicographically-largest
label in L[b, e] \ {#}, i.e., a = max{c € L[b,e] \ {#}}.

To simplify the discussion below, we rephrase Lemma 3 to the particular STPDs we are using
in this section (i.e. those derived from m = ISA and 7[i] = n — ISA[i] + 1):

Corollary 4. Let « be right-maximal, and let st-1ex[b, e] be the range containing the text positions

J € st-lex such that T|[1,j] is suffized by . Then:

(a) If ¢ € L]b,e] (c # #) is not the lexicographically-smallest character in L[b,e] \ {#} then
J € st-lex[b, e|, where T[j — |a| 4+ 1,n] is the lexicographically-smallest suffiz being prefized by
a-c=Tlj—|af+ 1,7 +1].

(b) If ¢ € L[b,e] (c # #) is not the lexicographically-largest character in L[b,e] \ {#} then j €
st-lex[b, e|, where T[j — |a|+1,n] is the lexicographically-largest suffix being prefized by o-c =
Tl —la|+1,5+1].

in cases (i-iii).

! -/
We now show how to compute 4, ;. and i;,,,

(i) By Corollary 4,4/ . i . € st-lex[b, e|, where T[i!l . —{+1,n] and T[i},... — £+ 1,n] are the

lexicographically-smallest and lexicographically-largest suffixes being prefixed by « - a, respec-
tively. Observe that i . and 4!, .. are not necessarily distinct (they are equal precisely when
descending to a leaf). We locate the leftmost £[L] = a and rightmost L£[R] = a occurrences of
letter a in L[b, e] using rank and select operations on £, in O(logo) time. Then, we map all
the occurrences of a in L[b, €] to the corresponding a’s in F by applying LF: those occurrences
correspond to the range F[LF (L), LF(R)] = F[b',€'], hence V' and €’ can be found in O(log o)
time using rank and select operations on £ and F. Observe that, by definition of the per-
mutation st-lex’ of st-lex (Definition 8), it holds that ¢/ . " € st-lex'[t/,€]. Then, our
Range Minimum/Maximum data structures queried in range 7(st-lex')[t/,e’] will yield two
POSItions jmin, jmaz Such that st-lex'[jin] = i . and st-lex'[jmaz] = e, Although we

are not storing st-lex’ explicitly (we could, since it would just take |st-lex| further memory
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words), we can retrieve ¢/ . and 4, .. by just applying FL: by definition of st-lex’ (Deﬁnition
8), we have that st-lex'[j] = st-lex[FL(j)] for any j € [|st-1lex|]. Then, i/ , =i —(+1
and i/, =il . —{+1.

(ii) The letter a is the lexicographically-smallest label in L[b, e] \ {#}. Since |out(u)| > 2 (be-
cause u is an internal suffix tree node), we obtain that a is not the lexicographically-largest
label in L[b,e] \ {#}. Then, by Corollary 4, i} .. € st-lex[b,e], where T[i ;;uw ¢+ 1,n] is
the lexicographically-largest suffix being prefixed by « - a. We can find 4/ .. following the
same procedure described in point (i) above (resorting to Range Maxima Queries). At this
point, since a is the lexicographically-smallest label in L[b,e] \ {#} (equivalently, in out(u))
and T [imin,n] is the lexicographically-smallest suffix being prefixed by «, it also holds that
T[imm, n| is the lexicographically smallest suffix being prefixed by « - a. But then, we are
done: @ . = lmin and @], =i — L+ 1.

(iii) The letter a is the lexicographically-largest label in L[b,e] \ {#}. This case is completely
symmetric to case (ii) so we omit the details.

At this point, we know that T[i ;.,n] and T[i,.,.n] are the lexicographically-smallest and
lexicographically-largest suffixes prefixed by « - a, respectively. Note that /. =1/, .. if and only if
child(R,,a) is a leaf. In this case, we simply return child(R a) = (7,7, U azs Unazs ™ — tmaa + 1)-

In the following, we can therefore assume that i/ . i/ . hence child(R,,a) is not a leaf. Then,
note that ¢/ = rlce(i,,;,., I1,42) is the string depth of child(u, a). In particular, child(u, a) = locus(c’),
where o = T (i} ;000 + € —1].

Binary—searching o/ in st-lex then yields the maximal range st-lex[b”,e”] such that, for all

e [v',e"], o is a suffix of T[1,st-lex[j]]. Using random access queries on 7 to guide binary
search, this process requires in total O(¢ log|st-lex|) random access queries. We can do better
if the text oracle supports Ice queries. Since o = T (i}, i + ¢ — 1] is a substring of T itself,
each binary search step can be implemented with one llce and one random access query (the latter,
extracting one character). This yields [b”,€”] in time O(t - log |st-1ex|) C O(¢ - logr).

Yet another solution uses z-fast tries [3,7], a machinery supporting internal suffiz searches (that
is, the queried string is guaranteed to suffix at least one string in the pre-processed set) in a set of ¢
strings each of length bounded by n. This solution uses space O(q) and answers suffix-search queries
in O(logn) steps, each requiring computing the fingerprint of a substring of the query o’. In our
case, the set of strings is {71, st-lex[i]] : i € [|st-1lex]||} and we have that o/ = T[imm, imin+{' —1]
indeed suffixes at least one of them by Corollary 2 and by the fact that 4 . # i,,., hence o is
right-maximal. This solution finds [b”,€”] in O(hlogn) time (or I/O operations, if h is the I/O
complexity of fingerprinting).

We finally have all ingredients to return our result: child(R,,a) = (b",€",d . i ... ¢"). If the
oracle only supports lce queries and random access in O(t) time, then child(R,,a) is answered in
O(tlogr + logo) time. If the oracle also supports fingerprinting queries in O(h) time, then the
running time is O(t 4+ hlogn +log o). The latter is preferable if fingerprinting queries are answered
faster than lce queries (e.g., with the text oracle of Prezza [41]).

Putting everything together. To sum up, our data structure uses O(|st-lex|+ r) = O(r) space on
top of the text oracle. Taking into account the complexity of all queries discussed above, this proves
Theorem 1.

Proof of Corollary 1: pattern matching. To prove Corollary 1, we plug the random access
oracle [41] in Theorem 1. This oracle uses nlog o + O(logn) bits of space and supports lce queries
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with O(logn) I/O complexity, fingerprinting with O(1) I/O complexity, and extraction of ¢ consec-
utive characters with O(1 + ¢/B) 1/O complexity” provided that the alphabet size is polynomial
(o < no(l)). Starting with £ = 0 and R,, = root(), suppose we have matched a right-maximal proper
pattern’s prefix P[1, k] and found the representation R, of node u = locus(P[1, k]). To continue
matching, we compute R, = child(R,,, P[k + 1]). If the child exists, we get the edge’s text pointers
(i,i+q—1) = label(R,, Ry) (q is the edge’s length) and match P[k+1,...] with T[i,i+ ¢ — 1] by
random access, either reaching node v (i.e. the end of the edge (u,v)) or reaching the end of P. In
the former case, we repeat the above operations to continue matching P on descendants of v. In
the latter case, we are left to locate all the occ pattern occurrences in the subtree rooted in v.

To locate the pattern’s occurrences, we have two choices. The first (less efficient, corresponding
to the original one of Weiner [47]) is to navigate the subtree (of size O(occ)) rooted in v using
child(-,-), first(-), and succ(-,-) queries. For each reached leaf u (we use isleaf (R, ) to check whether
we reached a leaf), we call locate(R,) to report the corresponding pattern occurrence. The I/O
complexity of this navigation using the text oracle [41] is O(occ- (t+hlogn+logo)) = O(occ-logn).

A more efficient solution consists of navigating just the leaves using next(-). This can be done
by computing Rjerr = lleaf (Ry), Rright = rleaf (R,,) and evaluating occ consecutive applications of
next(-) starting from Rjes; until reaching R,igne (again, calling locate(R,) on each leaf u to get a
pattern occurrence). This solution locates the occ pattern occurrences with O(loglog(n/r) + occ)
I/O complexity.

Finding the locus v of pattern P required calling a child(-,-) operation for each of the d traversed
suffix tree edges, plus O(d+m/B) I/O complexity for matching the pattern against the edges’ labels.
In total, finding v has therefore O(d - (t + hlogn + logo) +d + m/B) = O(dlogn + m/B) 1/O
complexity. Taking into account the I/O complexity of locating the pattern’s occurrences, this
proves Corollary 1.

st-lex™ and st-lext are superior to suffixient sets. To conclude this subsection, we show
that st-lex™ and st-lex™ are samplings of the Prefix Array that strictly improve suffixient sets [9].
We first show that the size x of the smallest suffixient set satisfies x <r+w — 1, where w <r —1
is the number of leaves in the Weiner link tree of 7 (Definition 12, Lemma 6). Then, we provide a
small example with » = w — 1 that matches this upper bound. We use this example to describe an
infinite family of strings where r» < x/2 — 1 (Corollary 5). This proves the first known separation
between 7 and x and, since in Lemma 4 we prove |st-lex™| < r, it shows that x can be twice
as large as |st-lex™|. Since in Section 3.3 we show that the pattern matching algorithm designed
for suffixient sets [9] also works on order-preserving STPDs (with only small modifications), this
proves the superiority of STPDs with respect to suffixient sets as Prefix Array samples supporting
pattern matching queries.

Definition 12 (Weiner link tree). Let 7 be any text. The Weiner link tree TV = (V°, Ef) is
the tree on the internal nodes V° of the suffiz tree of T that contains as edges all reversed suffiz
links between them, i.e., B := {(locus(a(v)[2, |a(v)]]),v) : v € V° A |a(v)] > 0}.

" Even if in [41] they only prove O(£) random access time for a contiguous block of £ characters in the RAM
model, it is not hard to see that their data structure triggers O(¢/B) I/O operations in the I/O model: the data
structure consists in the Karp-Rabin fingerprints of a sample of the text’s prefixes. To extract a character, the
structure combines the fingerprints (adjacent in memory) of two consecutive prefixes. This locality property leads
immediately to the claimed O(¢/B) complexity.
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While the Weiner link tree is usually defined with labeled edges, below we will not need those
labels so we omitted them from Definition 12.
We start with a simple observation, whose proof uses some concepts that will be reused later.

Lemma 5. Denote the set of leaves of the Weiner link tree T by L, and its cardinality by w = |L|.
Then it holds that w < r — 1.

Proof. Consider a leaf v € L, that corresponds to an explicit node in the suffix tree with a = «(v).
Thus, « is right maximal, |out(v)| > 2, and we let a < b be the smallest two elements of out(v).

Let ¢, and ¢, be any characters such that c,aa and cpab occur in $7 (observe that it may be
co = $ or ¢y = $). We now show that it must be that ¢, # cp. Assume, for a contradiction, that
¢q = ¢p. Then, it must be ¢, = ¢, # $ since (by the definition above) ¢, = ¢, = $ would mean that
both aa and ab prefix T. This proves ¢, = ¢, # $. Then, ¢, = ¢, # $ would imply that c,a is right
maximal. In turn, this would mean that locus(c,cr) has a suffix link to v = locus(«), contradicting
v being a leaf in the Weiner link tree.

Now, consider the BWT of 7. Let i € [n] be the integer such that 7T[SA[i — 1],n] is the
lexicographically largest suffix of 7 being prefixed by aa and T [SA[i],n] is the lexicographically
smallest suffix being prefixed by ab. Note that ¢ exists by our choice of @ and b, and that i > 1.
Choosing ¢, = BWT[i—1] and ¢, = BWT|[i] in the reasoning above, we obtain BWT[i—1] # BWT[i].
We call such an ¢ with BWT[: — 1] ## BWTJ[i] a run boundary of the BWT. Then, « is injectively
associated with this run boundary (that is, no other a(v') # a(v) is associated with it), since the
longest common prefix of the two lexicographically adjacent suffixes T[SA[i — 1], n] and T[SA[i], n]
is a.

We conclude that the leaves of the Weiner link tree can be mapped injectively into run bound-
aries, hence w < r — 1 holds. O

Lemma 6. For any text T, it holds that x < r+w — 1, where r is the number of runs in the BWT
of T and w is the number of leaves in the Weiner link tree of T.

Proof. Our goal is to construct a suffixient set of size bounded by r +w — 1. By [9], a set S of text
indices is suffixient, if it “covers” all right maximal extensions «(v)a, where v is an internal node
in the suffix tree and a € out(v), in the sense that there exists ¢ € S such that a(v)a is a suffix of
T1[1,4]. From a high-level point of view, our construction first chooses a set of text positions that
cover all right maximal extensions at leaves in TV and then “propagate” these positions up the
tree, choosing additional text positions when necessary. We now make this approach precise.

Definition 13. Let u € V° and a € out(u). We define la(u)a to be the smallest integer such that
a(u)a is a suffiz of T[1,iq(u)al-

Definition 14. Let u € V°. Denote with u;, for i € [k], the k children of uw in the Weiner link
tree, that is, the nodes u; € V° such that a(u;) = c;a(u) for some distinct ci1,...,c, € X (if u is a
leaf in the Weiner link tree, then k = 0). We define D(u) := out(u) \ U,¢p out(us) (for leaves, this
simplifies to D(u) := out(u) ).

Let I = Uyeyolia@a : @ € D(v)}. We prove that I is a suffixient set, and then show that
|I| <r+w — 1, which will yield our claim.

To see that [ is suffixient, consider any right extension aa of any right maximal string «. Let
B € X* be the longest string such that (a) S« is right maximal and (b) Saa occurs in 7. Then,
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(i) a € out(locus(fa)) and (ii) if locus(Ba) ¢ L, then a ¢ out(u), where u is any child of locus(B«)
in the Weiner link tree. To see that (ii) is true, let ¢ € X be such that a(u) = cfBa; if it were
a € out(u), then ¢f would be a sting longer than § with properties (a) and (b), a contradiction.
By definition of D(u), properties (i) and (ii) imply a € D(locus(Ba)). But then, by definition of I
we have that ig,, € I, hence aa is “covered” by I. This proves that I is a suffixient set.

It now remains to show that |[I| <r+w — 1. (1) Let v = locus(a) € L be a leaf in the Weiner
link tree. Then, a character a € out(v) corresponds to a right extension aa at v. As before, for each
a € out(v), there exists some character ¢, such that c,aa occurs in the text (where again we may
choose ¢, = $ when aa is a prefix). As in the proof of Lemma 5, we know that regardless of the choice
of the ¢, they can never be identical for distinct a,a’ € out(v). Thus, [{c, : a € out(v)}| = |out(v)]
and there are |out(v)| distinct strings c,a that we can map to at least |out(v)| — 1 run boundaries
in the BWT that have LCP «. It follows that we can assign the at most |out(v)| suffixient set
samples that we create at the leaf v as follows. We assign one of the samples to the leaf v itself
(counting towards the w leaves) and (at most) |out(v)|— 1 of them to (at least) |out(v)| —1 distinct
BWT run boundaries.

(2) Now let v = locus(a) € V°\ L be an internal node of the Weiner link tree. Let u; = locus(¢; )
for i € [k] (k > 1) be the internal nodes that link to v via suffix links (that is, the children of v in
the Weiner link tree). Recall that D(v) contains all and only the characters a € out(v) such that
a(v)a occurs in T and a(u;)a = ¢;a(v)a does not occur in T for all u; defined as above. For each
a € D(v), there again exists ¢, such that c,ca occurs in the text (or ¢, = $ when aa is a prefix).
Now, let P(v) := {c, : a € D(v)}, where again we have |P(v)| = |D(v)| as assuming otherwise
contradicts the fact that a forms a right maximal extension at v but not at any of its children in
the Weiner link tree. It now follows that in the BWT, « is preceded by at least |D(v)| different
characters ¢, one corresponding to the string ¢,a for each a € D(v). Furthermore, there is at least
one more distinct character ¢; (say, ¢1) preceding «. These |D(v)| + 1 distinct characters induce
at least |D(v)| run boundaries with LCP «, since distinct ca and ¢’ can not be succeeded by
the same character. (The ¢, corresponding to D(v) are succeeded by a only, while ¢; is succeeded
by a character in some out(u;) that does not occur in D(v).) Hence there are at least |D(v)| run
boundaries that the |D(v)| suffixient set samples at v can be assigned to. O

We proceed with some remarks. (1) Our bound of » + w — 1 is strictly better than the bound
of 2r by Navarro et al. [39] as w < r follows from our proof above that uniquely maps samples at
leaves of the Weiner link tree to run boundaries. (2) There are examples where r is asymptotically
strictly larger than w. E.g., imagine appending the $ character to the k’th Fibonacci word Fj, that
is defined recursively via Fy = a, Fy = ab, and F = Fy_1F,_o for k > 2. We obtain a text of
length n that for even k has ©(k) = ©(logn) BWT runs and w = 3. (3) The upper bound from the
previous lemma is tightly matched in the example in Figure 2. That example leads to the following
separation, stating that there is an infinite family of strings for which x is twice as large as r (and
therefore as |st-lex|):

Corollary 5 (Separation between |st-lex|, r, and x). For any t > 1, there exists a text of
length 11t on an alphabet of cardinality 3t satisfying

|st-lex| <r < x/2+ 1.

Proof. Let T be the text of the example in Figure 2. This text is of length n = 11 and furthermore
X(T) =r(T)+w(T)—1=2r(T)—2. Consider now the string S; € {0, 1,2}" such that S;[i] is equal
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to 0if T[i] =8, 1if T[i] = A, and 2 if T[i] = B. Since this alphabet renaming does not change the
alphabet’s order (0 < 1 < 2), x(81) = r(S1)+w(S1) —1 = 2r(S1) —2 holds also on S1. We note that
X, 7 and w are defined for texts rather than strings, but the above renaming of $ to 0 maintains
the minimality of the terminating character (0) and thus y, r and w are well-defined for S; as well.
Now, fix an arbitrary ¢ > 1 and, for j € [t] define S; € N" as follows: for any j > 1 and i € [n],
let S;[i] := Sili] + 3(j — 1). Individually inside each Sj, this is just another alphabet renaming
preserving the alphabet’s order so it still holds that x(S;) = 7(S;) + w(S;) — 1 = 2r(S;) — 2. We
now concatenate these strings in order to obtain &’ := &; - S;_1 - - - S;. We note again that S’ ends
with the unique lexicographically minimum character 0 and can thus be considered a text.

It is not hard to see that, since the alphabets of those strings are disjoint and all characters
of §; are smaller than those of S;i1, it holds that the characters of BWT(S;) form a contiguous
substring in BWT(S’). This implies r(S’) =t - r(S1) or, equivalently, r(S1) = r(S’)/t.

Moreover, no substring of S’ crossing two adjacent substrings Sj;1,S; is right-maximal (the
alphabets of those strings being disjoint), which also implies x(S’) =t - x(S1). We obtain:

X&) =t-x(81)=t-(2r(S1) —2) =2r(S") - 2.

Since, by Theorem 4, on string S’ it holds that |st-lex| < r, we finally obtain x(S") = 2r(S8") —2 >
2|st-lex(S)| — 2. O

Fig. 2. Example where 8 = x =r+w —1 =15+ 4 — 1. On top: the suffix tree for the text 7 = BBAAAABABBS.
Under the tree, BWT(T7)[i] is shown, being aligned to the i-th lexicographically smallest suffix. On the bottom:
the text with the suffixient set chosen by the described procedure and the Weiner link tree, in which each node
corresponds to an internal node of the suffix tree. Strings indicate the root-to-node path to each node, and the edges
correspond to suffix links through which the chosen positions are propagated in order to cover all outgoing edges of
the suffix tree. Note that in this example all suffixient set samples are chosen at leaves of the Weiner link tree.
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3.2 General locating mechanism for order-preserving STPDs

In this subsection we provide a general locating mechanism working on any order-preserving STPD.
First, we show how to locate the pattern occurrence P = T [i, j| minimizing (i) among all pattern
occurrences. We call this occurrence primary. Then we show that, starting from the (unique)
primary occurrence, we can locate the remaining ones (called secondary) by resorting to orthogonal
point enclosure. As a matter of fact, this technique generalizes the r-index’ ¢ function (Definition 11,
cases m = ISA and m = IPA) to arbitrary order-preserving permutations. This increased generality
with respect to Section 3.1, comes at the price of not being able to support suffix tree queries (only
pattern matching).

After this section, we will tackle the particular case m = IPA (colexicographic order of the text’s
prefixes), for which the locating algorithm that we describe here can be simplified. That particular
case will lead to our optimized implementation able to beat the r-index both in query time (by
orders of magnitude) and space usage.

From here until the end of the section, we assume 7 € X" is a text and 7 is any order-preserving
permutation on 7. We start by classifying the occurrences of a given pattern P € X T as follows.

Definition 15 (Primary/Secondary occurrence). For a string P € Xt an occurrence T [i,i+
|P|—1] = P is said to be a primary occurrence if and only if LPF[i] < |P|. All the other occurrences
are called secondary occurrences.

Lemma 7. For any string P € X% that occurs in T there exists exactly one primary occurrence
P =Tli,i + |P| — 1]. Furthermore, such occurrence is the one minimizing (7).

Proof. Let P € Xt occur in 7. To prove the existence of a primary occurrence, suppose for a
contradiction that there is no primary occurrence of P. Let T[i,¢ + |P| — 1] = P be the secondary
occurrence minimizing (7). By definition of secondary occurrence we have LPF [i] > |P|, hence,
by definition of LPF,, there must exist ¢’ € [n] such that 7(i') < 7(¢) and rlee(i’,7) > |P| implying
that T[¢',#' + |P| — 1] = P, which contradicts the minimality of 7 (7).

To prove the uniqueness of the primary occurrence, suppose for a contradiction that there are
at least two primary occurrences i,i € [n] with ¢ # 4’. Since 7 is a permutation, exactly one of
(i) w(i) < (') and (ii) (7)) > m(¢’) holds. Without loss of generality, assume that 7(i) < 7(i).
Then by definition of LPF,, LPF,[i'] > rlce(i,i) > |P|, a contradiction. This also shows, as a
byproduct, that the unique primary occurrence P = Ti,i + |P| — 1] is the one minimizing (%)
among all (primary and secondary) occurrences. O

Finding the primary occurrence. The idea to locate the primary pattern occurrence is simple
and can be visualized as a process of walking along the paths of the STPD, starting from the root.
Whenever we find a mismatch between the pattern P and the current STPD path, we change path
by running a suffix search (e.g. binary search) on PDA;. We first provide an intuition through an
example (Example 2). Our algorithm is formalized in Algorithm 1. Then, we prove the algorithm’s
complexity, correctness, and completeness.

Ezxample 2. Consider the STPD of Figure 1, and let P = CGCGAA be the query pattern. We
start by matching P with the characters of the path 7[11,11] = $ starting at the root. The longest
pattern prefix matching the path is € (the empty string). To continue matching P, we need to
change path. We binary search PDA, = st-lex™ looking for a sampled text prefix being suffixed
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by e- P[1] = C (i.e. the concatenation of the pattern’s prefix matched so far and the first unmatched
pattern’s character). Two sampled prefixes (elements in st-lex™) satisfy this requirement: 71, 3]
and 71, 7]. By definition of our STPD, among them we need to choose the one 71,4 minimizing
m(i) = ISA[i]. This choice can be performed in constant time with the aid of a Range Minimum
Query data structure built on top of w(st-lex™). Such prefix minimizing 7(¢) is T[1,7]. This
means that we choose an STPD path labeled with 777, 11]. Observe that this also means that 7[7]
is the lexicographically-smallest occurrence of P[1]. We repeat the process, matching the remaining
characters P[1,6] of P. As can be seen in Figure 1 characters P[1,2] = C'G match (purple path
starting below the root). Then, the path continues with A and the pattern with P[3] = C. As
done above, we binary search PDA, = st-1lex™ looking for a sampled text prefix being suffixed by
P[1,2]-P[3] = CGC. Now, only one sampled prefix matches: T[1, 7], corresponding to an STPD path
labeled with 77, 11]. Observe that this means that 7[7] is the lexicographically-smallest occurrence
of P[3] being preceded by PI1,2]; in other words, 77 — 2,7] = T[5,7] is the lexicographically-
smallest occurrence of P[1,3]. We therefore continue matching the remaining pattern’s suffix P[3, 6]
on T[7,11]. This time, the whole pattern’s suffix matches, hence we are done. Since the last binary
search returned the sampled text’s prefix 71, 7], and before running the search we already matched
P[1,2], we return pattern occurrence 7 [7 —2, (7 —2) +|P|— 1] = T[5, 10] which, by construction of
our STPD and by the order-preserving property of 7, is the lexicographically-smallest one (in this
example, also the only one).

Data structures and search algorithm. We show that, interestingly, a small modification of the search
algorithm of suffixient arrays [9] (see Appendix A) allows locating the primary pattern occurrence
on any order-preserving STPD. The search algorithm is sketched in Example 2 and formalized in
Algorithm 1. We need the following data structures:

1. A Range Minimum Data structure on 7(PDA), requiring just O(|PDA|) bits and answering
queries in constant time. In Algorithm 1, this data structure allows finding the arg min at Line
6 in constant time.

2. A data structure supporting suffix searches on the text’s prefixes {T[1,PDA;[t]] : ¢t €
[[PDA,||}. Given (i,7,¢) € [n] x [n] x X, sufsearch(i, j, ¢) returns the maximal range [b,e] C
[[PDA|] such that T[1, PDA,[t]] is suffixed by Ti, j] - ¢ for all t € [b, e]. This structure is used
in Line 5 of Algorithm 1. We discuss different possible implementations for this structure below.

3. A text oracle supporting random access on 7. To speed up sufsearch we may also require

the oracle to support lce and/or fingerprinting queries on 7 (we obtain different performance
depending on which queries are available, read below).
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Algorithm 1: Locating the primary pattern occurrence
Input: Pattern P € (X'\ {$})™.
Output: Primary occurrence of P, i.e. position i € [n] such that (1) 7[i,i +m —1] =P
and (2) 7 minimizes 7 (i) among all the occurrences of P. If P does not occur in
T, return NOT_FOUND.
1i« 7 1(1);
2 j+1; /* Invariant: P[l,j—1]=7T[i—j+1,i— 1] minimizes w(i —j+ 1) */
3 while 7 <m do

1 | if T]i] £ PJj] then
5 [b, €] « sufsearch(i — j + 1,7 — 1, P[j]);
6 i' < argming e, o {7 (PDAL[']) };
7 i « PDA,[i'];
8 | i+itljej+ 1
9 if T[i — m,i— 1] = P then
10 ‘ return i —m;
11 else

12 | return NOT_FOUND;

Complezity. As observed above, the arg min operation in Line 6 takes just O(1) time using a Range
Minimum data structure built over 7(PDA).

A first simple implementation of sufsearch(i, j, ¢) uses binary search on PDA . and random access
on 7. This solution executes O(log |[PDA,|) C O(logn) random access queries, each requiring the
extraction of O(m) contiguous text characters. If the random access oracle supports the extraction
of ¢ contiguous text characters with O(1 + ¢/B) I/O complexity, then this solution has O((1 +
m/B)logn) I/O complexity. Due to its simplicity, small space usage (only array PDA, and the
text oracle are required), and attractive I/O complexity, this is the solution we implemented in
practice in the index tested in Section 4.

A second optimized implementation of sufsearch executes one llce and one random access query
for every binary search step. This solution runs in O(¢-log [PDA|) C O(tlogn) time (respectively,
I/O complexity), where ¢ is the time complexity (respectively, I/O complexity) of llce and random
access queries.

As done in Section 3.1, a faster solution can be obtained using z-fast tries [3,7]. Since z-fast
tries are guaranteed to answer correctly only internal suffix search queries (that is, the queried
string suffixes at least one of the strings in the trie), we build a separate z-fast trie for every
distinct character ¢ € 3. The z-fast trie associated with character ¢ is built over text prefixes
{T[1,i—1] : i € PDA; ATI[i] = c}. We store the z-fast tries in a map associating each ¢ € X
to the corresponding z-fast trie and supporting constant-time lookup queries. At this point, query
sufsearch(i—j+1,7—1, ¢) is solved by issuing an internal suffix search query 7[i—j+1,i—1] on the
z-fast trie associated with character c. In order to return the result [b, e] = sufsearch(i—j+1,i—1,¢),
we store along the z-fast trie for character ¢ the number A, = [{i € PDA; : TTi] < c¢}| of sampled
text prefixes ending with a character being smaller than c. Letting [V, €/] be the colexicographic
range (retrieved with the z-fast trie for ¢) of T[i — j+ 1,7 — 1] among the text prefixes {7[1,i—1] :
i € PDA; A T|i] = ¢}, then the result of sufsearch(i — j + 1,7 — 1,¢) is [b,e] = [ + A, € + A.].
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This implementation of sufsearch runs in O(hlogm) time (respectively, I/O complexity), where h
is the running time (respectively, I/O complexity) of fingerprinting queries on the text oracle.

Observe that Algorithm 1 calls sufsearch once for every STPD path crossed while reaching
locus(P) from the suffix tree root. The number of crossed paths is upper-bounded by the node
depth d of locus(P) in the suffix tree of 7. In the end (Line 9), Algorithm 1 compares the pattern
with a text substring of length m. Using the latter implementation of sufsearch (z-fast tries), we
obtain:

Lemma 8. Let T € X" be a text and 7 : [n] — [n] be an order-preserving permutation. Suppose
we have access to an oracle supporting fingerprinting queries on T in O(h) time (respectively, 1/0
complexity) and extraction of £ contiguous text characters in e({) time (respectively, 1/O complex-
ity). Then, Algorithm 1 runs in O(d - hlogm + e(m)) time (respectively, 1/O complexity), where d
is the node depth of locus(P) in the suffix tree of T.

For example, using the text oracle of Prezza [41] the I/O complexity of Algorithm 1 becomes
O(dlogm + m/B).

Lemma 9. Algorithm 1 is correct and complete.

Proof. We prove that the following invariant is maintained by the while loop: if P occurs in T,
then P[1,5 —1] = T[i—j+ 1,7 — 1] is the occurrence of P[1,j — 1] minimizing m(i — j + 1). At the
beginning, the invariant is clearly true by the way we choose i and j (in particular, P[1,j — 1] is
the empty string).

We show that the invariant is maintained after one execution of the while loop, assuming that P
occurs in 7. If the condition of the if statement in Line 4 fails, then 7[i] = P[j], we just increment
i and j in Line 8, and the invariant still holds by the order-preserving property of 7. Otherwise,
let 7T[i] # P[j]. Then, since P occurs in 7, string o = P[1,j — 1] is right-maximal in 7 there
exists a copy of « followed by P[j] and one followed by T[i] # P[j]. By the inductive hypothesis,
P[1,j—1] = T[i—j+1,i—1] minimizes 7(i—j+1) across all occurrences of P[1, j—1]. By the order-
preserving property of m, 7[i—j+1,i—1] also minimizes (i —1) across all occurrences of P[1, j—1].
Then, this means that 7(a-7T[i]) < 7(a-P[j]) (see Lemma 3 for the definition of this extension of 7 to
right-extensions of right-maximal strings) so, by Lemma 3, we have that there exists t € PDA, such
that 7[1,¢] is suffixed by « - P[j] = PI[1,j]. But then, sufsearch(i — j 4+ 1,7 — 1, P[j]) (implemented
with z-fast tries) is guaranteed to return the (non-empty) range PDA[b,e] containing all and
only the text prefixes in PDA, being suffixed by P[1,j]. Among those, Lines 6-7 choose the one
i € PDA[b, €] minimizing (7). At this point, by the order-preserving property of m, we have that
Tli—j+1,i] = P[1,] is the occurrence of P[1, j] minimizing 7(i — 7 + 1). In Line 8 we increment
i and j, hence the invariant is maintained. This proves completeness and correctness under the
assumption that P occurs in 7.

If, on the other hand, P does not occur in 7, then the comparison in Line 9 detects this event
and we correctly return NOT_FOUND. This completes the proof. O

Locating the secondary occurrences. We now describe how to locate the secondary occur-
rences. This subsection is devoted to proving the following lemma.

Lemma 10. Let T € X" be a text and 7 : [n] — [n] be an order-preserving permutation. Let
P € X™ occur in T. There exists a data structure that takes O(|PDA|) words of space and that,
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given the primary occurrence of P, finds all the occ—1 secondary occurrences in O(occ-log |[PDA|) C
O(occ - logn) time (equivalently, I/O complezity).

We start by covering 7 with |[PDA,| (possibly overlapping) phrases (that is, substrings of 7)),
as follows:

Definition 16 (Phrase cover of 7).

— (Type-1 phrases) we associate phrase T[i| (one character) to each position i € [n] such that
LPF,[i] = 0.

— (Type-2 phrases) We associate phrase T [i,i + LPF.[i] — 1] to each irreducible LPF . position i
such that LPF,[i] > 0.

Observe that there are at most [PDA | type-2 phrases. By definition, our cover of 7 into phrases
satisfies the following properties:

Remark 5. Any pattern occurrence T [i’,i'+m—1] crossing a type-1 phrase T[¢] (i.e. i € [/, 7' +m—1])
is primary. To see this, observe that since LPF[i] = 0 then ¢ = T [¢] is the occurrence of ¢ minimizing
7(i), hence by the order-preserving property of m, T[i',i’ + m — 1] = P is the occurrence of P
minimizing (7).

Remark 6. For each secondary occurrence T [i',i’ + m — 1], there exists a type-2 phrase T [i,i +
LPF.[i] — 1] containing it, i.e. [¢',i' +m — 1] C [i,i + LPF,[i] — 1]. This immediately follows from
the definition of secondary occurrence.

Observe that each type-2 phrase is copied from another text position with a smaller 7. We
formalize this fact as follows:

Definition 17 (Phrase source). Let Ti,i + LPF.[i] — 1] be a type-2 phrase. Then, we define
SRCJi] = j to be the position j with w(j) < 7(i) such that T[i,i+LPF[i]—1] = T|j,j+LPF,[i] —1]
(in case of ties, choose the leftmost such position j ).

We also use the fact that each phrase can be split into a prefix containing strictly decreasing
LPF, values and the remaining suffix. This will play a crucial role in our locating algorithm, as it
will allow us to report each secondary occurrence exactly once.

Definition 18 (Reducible prefix). Let T[i,i + LPF;[i] — 1] be a type-2 phrase. The reducible
prefix of Ti,i + LPF,[i] — 1] is its longest prefix T[i,i + ; — 1], with 1 < ¢; < LPF[i], such that
LPF,[j] =LPF,[j—1] —1 for each j € [i + 1,i+ ¢; — 1].

Remark 7. Observe that all LPF, positions in [i+1,i+¢; — 1] are reducible (that is, not irreducible).

See Figure 3 for a running example.

The idea to locate secondary occurrences, is to associate every type-2 phrase T [i, i+ LPF [i] —1]
with a 2-dimensional rectangle whose coordinates reflect the source of the whole phrase and of its
reducible prefix:

Definition 19 (Rectangle associated with a type-2 phrase). Let T[i,i + LPF;[i] — 1] be a
type-2 phrase, s; = SRC[i| be its source, and {; be the length of its reducible prefix. We associate
with T[i,i 4+ LPF.[i] — 1] the 2-dimensional rectangle [s;, s; + €; — 1] x [s;, 8; + LPF[i] — 1] C [n]?,
and label it with position 1.
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Fig. 3. Consider this particular string 7 and take m = id to be the identity function. Then, LPF, = LPF is the
classic Longest Previous Factor array. In the third line, we put in boxes the irreducible LPF positions ¢ such that
LPF[i] > 0; these are the beginnings of our phrases (7 phrases in total). For example, consider such a position
¢t = 9. Since LPF[9] = 6, the corresponding phrase is 79,9 + 6 — 1] = T[9, 14]. The corresponding LPF sub-

ly = 5. From the 5th to the 11th line (I1—I7) in the figure, we show each type-2 phrase’s source as an interval
containing the phrase’s positions, colored according to its reducible prefix (in blue) and the remaining suffix (red).
For example, consider again phrase 719, 14], and let sy = SRC[9] = 6 be its source. Row Is shows the phrase’s
source T [sg, sg + LPF[9] — 1] = T[6, 11], highlighting in blue the source of the phrase’s reducible prefix and in red the
remaining suffix. In lines [1—1I7, we moreover show, using boxes, how the occurrences of string ba intersect the phrases’
sources; the box is blue when the occurrence intersects (the source of) the phrase’s reducible prefix, red otherwise.
By the way we design the rectangles indexed in our orthogonal point enclosure data structure (see Definition 19 and
Lemma 11 below), only occurrences in a blue box trigger the location of further secondary occurrences. Example
of locate. After locating the primary occurrence 72, 3] = ba, an orthogonal point enclosure query on point (2, 3)
yields rectangle [2,3] x [2,5], corresponding to the phrase starting in position 6 (and whose source is shown in line
I3). This leads us to discover the secondary occurrence 7 [6, 7]. Observe that, even if 72, 3] overlaps also the source
of the phrase starting in position 8, point (2, 3) is not contained in the phrase’s rectangle [1,1] x [1, 5] (in Line I4, this
fact can be visualized by noting that the box lies completely in the red area). This is correct, as otherwise following
this source would lead us locating secondary occurrence 79, 10], which will be located again later when issuing the
orthogonal point enclosure query on point (6, 7).
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Ezample 3. Continuing the running example of Figure 3, consider again phrase 719, 14], let sg =
SRC[9] = 6 be its source, and 9 = 5 be the length of its reducible prefix. This phrase is associated
with rectangle [sg, sg + fg — 1] X [s9, s9 + LPF[9] — 1] = [6,10] x [6,11]. In Figure 3, Line I5, the
first coordinate [6, 10] is highlighted in blue, while the second coordinate [6, 11] is the whole colored
interval in Line I5 (red and blue).

Our locating algorithm relies on the following well-known data-structure result on the orthogonal
point enclosure problem:

Lemma 11 (Orthogonal point enclosure, [10, Theorem 6]). Let R be a collection of axis-
parallel two-dimensional rectangles in [n]?. There exists an O(|R|)-space data structure supporting
the following query: given a point (x,y), find all rectangles [a,b] x [c,d] € R containing (x,y), i.e.
such that x € [a,b] and y € [c,d]. The query is answered in O(log|R| + k) time, where k is the
number of returned rectangles.

Let R be the set of rectangles defined in Definition 19. As noted above, |R| < [PDA|. We build
the data structure of Lemma 11 on R. The structure uses O(|PDA|) words of space and answers
orthogonal point enclosure queries in O(log |PDA,| + k) C O(logn + k) time.

Locating algorithm. Let T[j,j+m — 1] = P be the primary occurrence of P, found with Algorithm
1. To locate the secondary pattern occurrences, initialize a stack @ < {j}. While @ is not empty:

1. Pop an element z from @) and report pattern occurrence z.
2. Locate all rectangles in R containing point (z,x + m — 1). For each such retrieved rectangle
[si, i + €; — 1] X [s4, 8; + LPF,[i] — 1] labeled with position i, push i + x — s; in Q.

Correctness. To prove that we only report pattern occurrences, we prove inductively that the
stack always contains only pattern occurrences. At the beginning, the stack contains the primary
occurrence of P. Assume inductively that, before entering in Step 1 of the above algorithm, the stack
contains only pattern occurrences. In Step 1, we pop . Then, let [s;, s;+¥€; — 1] x [s;, s; + LPF[i] — 1]
be a rectangle, labeled with position 4, found in Step 2 by querying point (z,z+m—1). In particular,
[,z +m — 1] C [s;,s; + LPF.[i] — 1]. Then, by the definition of SRC (Definition 17), it holds
Tli,i+LPF.[i] —1] = Tsi, si + LPF[i] — 1], hence [i+x —s;,i+x—s;+m—1] C [i,i+LPF,[i] - 1],
therefore T[i +x — s;,i+x — s; + m — 1] = Tlx,z + m — 1] is a pattern occurrence. This proves
that in Step 2 we only push pattern occurrences in Q).

Completeness. We prove that every pattern occurrence at some point is pushed in the stack (and
is therefore located). Assume, for a contradiction, that this is not true. Let T[j,j + m — 1] be the
secondary occurrence minimizing m(j) that is never pushed on the stack. Then, there exists a type-2
phrase T[i, i+ LPF,[i] — 1] entirely containing 7[j,j+m—1], i.e. [j,j+m—1] C [i,i+LPF,[i] —1].
Without loss of generality, let i be the largest position with such a property. Let £; be the length of
the phrase’s reducible prefix. Observe that 7[5, j'+m—1] = T[j, j+m—1], where j' = s;+ (j — 1),
is another pattern occurrence with 7(j") < m(j). We distinguish two cases.

(i) 7 € [iyi+ £; — 1]. Then, the point (j’, 5/ +m — 1) belongs to the rectangle [s;, s; + ¢; — 1] X
[si, si + LPF[i] — 1]. This means that also pattern occurrence T[j’, ;' +m — 1] is never pushed on
the stack, otherwise at some point the algorithm would pop j’ from the stack and locate j as well.
This is a contradiction, since either j’ is the primary occurrence, or 7(j') < 7(j) and we assumed
that 7[j, 7 +m — 1] is the secondary occurrence minimizing 7 (j) that is never pushed on the stack.
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(ii) j € [i + ;i + LPF,[i] — 1]. Then, either i + ¢; = n 4+ 1 (a contradiction with the fact
that j > i + ¢;) or, by Definition 18, position i’ = i 4+ ¢; is irreducible with LPF.[i'] > 0. Then,
T, +LPF,[i'] —1] is a phrase with ¢’ > i and, as observed in Remark 1, it must be ¢/ +LPF,[i'] —
1> i+ LPF.[i] —1 > j+m — 1. This means that T[¢’,i' + LPF.[¢/] — 1] is a type-2 phrase with
i’ > i that contains T[j,7+m —1] (i.e. [§,7 +m —1] C [i/,4' + LPF,[¢/] — 1]), a contradiction since
we assumed that ¢ was the largest such position.

Complezity. In order to prove Lemma 10, we are left to show that every occurrence is pushed at
most once in the stack, that is, we never report an occurrence twice. Assume, for a contradiction,
that secondary occurrence T[j,j + m — 1] is pushed at least twice on the stack. Without loss of
generality, we can assume that 7[j, 7 +m — 1] is the secondary occurrence pushed at least twice on
the stack that minimizes 7 (j). This can happen in two cases, treated below.

(i) There exists one irreducible LPF, position i, associated with rectangle [s;,s; + ¢; — 1] X
[si,si + LPF;[i] — 1] € R, that causes pushing j twice on the stack. This can happen only in one
situation: when position j' = j — i + s; (uniquely determined from i and j) is pushed twice on the
stack, therefore querying twice the orthogonal point enclosure data structure on point (5, j'+m—1)
leads to pushing twice j =i+ j' — s; in Q. In such a case, however, note that 7(j') < 7(j), hence
T1j', 7' +m—1] is a secondary occurrence pushed at least twice on the stack with 7(j") < 7(j). This
contradicts the assumption that T7[j,j + m — 1] is the occurrence with this property minimizing
7(j).

(ii) There exist (at least) two distinct irreducible LPF, positions i; # ig, associated with
rectangles [s;,, si, + 4i, — 1] X [84,, 8i, + LPF[iy] — 1] € R for t = 1, 2, respectively, each causing to
push j on the stack. Similarly to the case above, this happens when both positions j; = 7 — it + s;,
(for t = 1,2) are pushed on the stack, therefore querying the orthogonal point enclosure data
structure on point (j, j: +m — 1) leads to pushing j =i+ j; — s;, in Q for ¢t = 1, 2. In particular,
this means that j € [i1,41 + ¢;; — 1] N [i2,92 + 43, — 1], that is, j belongs to the reducible prefix of
both phrases. Assume, without loss of generality, that i; < i2 (the other case is symmetric). Then,
i1 <ig < j <11+ 4 — 1: in other words, iz € [i1 + 1,41 + ¢;, — 1]. This is a contradiction, because
all LPF; positions [i1,41 + ¢;, — 1] are reducible (Remark 7), while is is irreducible.

Putting everything together. Combining Lemmas 8, 9, and 10 we obtain:

Theorem 3. Let T € X" be a text and 7 : [n] — [n] be an order-preserving permutation. Suppose
we have access to an oracle supporting fingerprinting queries on T in O(h) time (respectively,
I/O complexity) and the extraction of { contiguous characters of T in e({) time (respectively, 1/0
complexity). Then, there ezists a data structure taking O(|PDAy|) words of space on top of the
oracle and able to report the occ occurrences of any pattern P € X™ in O(d - hlogm + e(m) + occ -
log [PDA<|) € O(d- hlogm + e(m) + occ-logn) time (respectively, 1/O complezity), where d is the
node depth of locus(P) in the suffix tree of T.

For example, using the text oracle of Prezza [41], the I/O complexity of Theorem 3 becomes
O(dlogm + m/B + occ - logn). The resulting index uses O(|PDA|) memory words on top of the
oracle of nlog o + O(logn) bits.

3.3 Colexicographic rank (st-colex): smaller-space I/0O-efficient pattern matching

We now move to the particular case m = IPA, for which the algorithm described in the previous
section can be simplified, leading to a very space-efficient and fast implementation.
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Figure 4 depicts the STPD obtained by choosing m = IPA to be the Inverse Prefix Array. We
denote with st-colex™ = PDA, the path decomposition array associated with this permutation .
Similarly, st-colex™ denotes the path decomposition array associated with the dual permutation
(i) = n — IPA[i] + 1. The following properties hold:

Lemma 12. Let T € X" be a text. The permutations w,7 defined as w(i) = IPA[i] and 7(i) =n —
IPA[i]+1 fori € [n] are order-preserving for T . Furthermore, |st-colex™| < 7 and |st-colex™| <7
hold.

Proof. For every i,j € [n — 1] such that T[1,i] <colex T[1,7] and T[i + 1] = T[j + 1], it holds
that T[1,7 4+ 1] <colex T[1,7 + 1] by definition of the colexicographic order. This proves the order-
preserving property for 7 and 7.

In order to upper-bound |st-colex ™| and |st-colex™|, we rotate T to the right by one position,
i.e. wereplace T by T[n]-T[1,n—1] = $-T[1,n—1]. By Remark 8.4, this rotation does not change the
number of coBWT equal-letter runs. The number of irreducible positions in LPF, and LPF%, on the
other hand, increases at most by one: since $ is the smallest alphabet character, the colexicographic
order of prefixes does not change after the rotation. Then, i was irreducible before the rotation if
and only if 7 + 1 is irreducible after the rotation. Additionally, ¢ = 1 is always irreducible after the
rotation. It follows that if we prove the bound for the rotated 7, then the bound also holds for the
original one.

By Remark 2, |st-colex ™| is equal to the number of irreducible LPF, positions. Let ¢/ =
i+LPF[i]—1. We map bijectively each irreducible LPF position i to coBWT[IPA[/']] and show that
coBWTIIPA[i]] is the beginning of an equal-letter coBWT run. This will prove |st-colex | < 7.
Symmetrically, to prove |st-colex™| < 7 we map bijectively each irreducible LPFz position i to
coBWTIIPA[i]] and show that coBWT[IPA[i]] is the end of an equal-letter coBWT run. Since this
case is completely symmetric to the one above, we omit its proof.

Let i be an irreducible LPF, position and let ¢/ = i + LPF;[i] — 1 (< n, by definition of LPF,).
We analyze separately the cases (i) i’ = n and (ii) i < n.

(i) If i = n, then coBWT[IPA[']] = $. Since the symbol $ occurs only once in 7, coBWT[IPA[/']]
is the beginning of an equal-letter BWT run.

(ii) If ¢/ < n, then either IPA[i] =1 and therefore coBWT[IPA[i']] = coBWT][1] is the beginning
of an equal-letter coBWT run, or IPA[i'] > 1. In the latter case, let j/ = PA[IPA[/'] — 1] (in
particular, IPA[j'] = IPA[i'] — 1) and j = j' — LPF,[i] + 1. If j/ = n, then coBWT[IPA[//] — 1] =
coBWT[IPA[j']] = $ # coBWT[IPA[/]], hence again we have that coBWT[IPA[i]] is the beginning
of an equal-letter BWT run. In the following, we can therefore assume both ¢/ < n and j’ < n.

Observe that it must be the case that T[j, j'] = Ti,?']. To see this, let ¢ be such that 7 (t) < (i)
and LPF.[i] = rlce(i,t). Let ¢’ = t + LPF.[i] — 1. Then, by the order-preserving property of m, it
must be 7(t') < 7(i"). Moreover, since LPF[i] = rlce(i,t), then lce(i/,t') > LPF.[i]. But then,
by definition of j/ and m# = IPA, it must be llce(i’, ;') > lce(,t') > LPF,[i], which implies
T3 =T, ']

Then, since 7(j') = m(i") — 1 < w(i'), by the order-preserving property of 7 it must be 7(j) <
7(i). Finally, by the very definition of LPF, it must be the case that coBWT[IPA[/] — 1] =
coBWT[IPA[}']] = T3’ + 1] # T[i' + 1] = coBWT[IPA[¢']], which proves the claim. In fact, if it
were T [j' 4+ 1] = T[i’ + 1] then we would obtain LPF[i] > rlce(i, j) > LPF.[i| + 1, a contradiction.

O
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Fig. 4. Example of the STPD obtained by taking m = IPA to be the colexicographic rank of the text’s prefixes. For
a better visualization, we do not sort suffix tree leaves according to 7 as this would cause some edges to cross. Paths
T4, n] are colored according to the color of j € st-colex™. To see how the paths are built, consider the Prefix Array
PA =[11,1,2,10,9,3,5,7,4,6, 8] and the generalized Longest Previous Factor array LPF, = [0,1,0,0,4,3,2,1,2,1,0].
PA tells us the order in which we have to imagine inserting the text’s suffixes in the trie. We show how the process
works for the first three suffixes in the order induced by m. The first suffix to be inserted is 7[11,11]. Position
11 + LPF:[11] = 11 + 0 = 11 is orange, hence an orange path labeled 711, 11] starts in the root. The next suffix is
TI1,11]. Position 1 + LPF,[1] =140 =1 is green, hence a green path labeled 7|1, 11] is inserted. The next suffix is
T2, 11]. This suffix shares a common prefix of length LPF,[2] = 1 with the previously-inserted suffix 71, 11], hence
position 2 4+ LPF;[2] = 24 1 = 3 is sampled. This position is blue, hence a blue path labeled T3, 11] is inserted as a
child of locus(7[2] = A).

We now show how to locate the pattern’s occurrences with st-colex™. In this section, among
the various trade-offs summarized in Theorem 3 for general order-preserving permutations, we will
analyze the one obtained by assuming a text oracle supporting the extraction of ¢ contiguous text
characters with O(14-¢/B) I/O complexity as it models the scenario of our practical implementation
discussed in Section 3.2.

Finding the primary occurrence. For the particular order-preserving permutation 7 = IPA
used in this section, the primary occurrence P = T i, j] of P is the one for which the text prefix
T1[1, j] is the colexicographically-smallest being suffixed by P.

We use Algorithm 1 to locate the primary occurrence. Since m = IPA (colexicographic rank)
and PDA, = st-colex™ is sorted colexicographically, observe that 7(PDA;) = m(st-colex™) is
increasing. This means that, in Line 6 of Algorithm 1, it always holds arg min; ¢, o {7 (PDA[i'])} =
b and therefore we do not need a Range Minimum Data structure over 7(st-colex™).

By implementing sufsearch by binary search and random access, we obtain:

Lemma 13. Let T € X™ be a text, and fix m = IPA. Suppose we have access to a text oracle

supporting the extraction of £ contiguous characters with O(1+¢/B) 1/O complezity. Algorithm 1
requires just array st-colex™, fitting in |st-colex | < 7 words, on top of the text oracle and locates
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the primary occurrence of P € X™ with O(dlog|st-colex™ |- (1+m/B)) C O(dlog7 - (1 +m/B))
I/O complexity, where d is the node depth of locus(P) in the suffix tree of T.

Locating the secondary occurrences. As it turns out, the mechanism for locating secondary
occurrences described in Section 3.2 in the particular cases of 7 = ISA and 7 = IPA is equivalent to
the ¢ function of Definition 11, with the only additional detail that for 7 = IPA one should replace
in Definition 11 SA and ISA with PA and IPA, respectively (below, with symbol ¢ we denote this
variant using PA and IPA).

Then, our locating mechanism essentially reduces to the one of the r-index [19], with only
minor modifications that we describe below. The r-index [19] (of the reversed T) locates pattern
occurrences as follows. Let PA[b,b + occ — 1] be the Prefix Array range of pattern P. The r-index
(i) finds PA[b] and occ with a mechanism called the toehold lemma, and (ii) it applies occ — 1 times
function ¢ starting from PA[b]. This yields the sequence PA[b], PA[b+ 1], ..., PA[b+ occ — 1], that
is, the list of all pattern’s occurrences. As shown by Nishimoto and Tabei [40], function ¢ (in the
variant using PA and IPA) can be stored in O(7) memory words in such a way that the above
occ — 1 successive evaluations of ¢ take O(occ + loglog(n/7)) time (and I/O complexity).

Differently from the toehold lemma of the r-index, Algorithm 1 only allows to compute PA[b]
(not occ). To also compute occ and output all pattern’s occurrences we proceed as follows.

The simplest solution to locate all occurrences is to use both arrays st-colex™ and st-colex™
to compute PA[b] and PA[b + occ — 1], respectively, and then extract one by one PA[b], PA[b +
1],...,PA[b + occ — 1] by applying occ — 1 times function ¢. This solution, however, requires also
storing st-colex™.

We can still locate efficiently all secondary occurrences using just st-colex™, as follows. Let
PAb, b+ occ — 1] be the range of P in the Prefix Array. Let T'= [m/B] be a block size. Partition
the range [b, b+ occ — 1] into ¢ = |occ/T'| equal-size blocks of size T, i.e. [b+ (1 — V)T, b+1i-T — 1]
for i = 1,...,q, plus (possibly) a last block of size occ mod T. For i = 1,...,q, reconstruct
PAb + (i — 1)T,b + i - T] by applying the ¢ function T times starting from PA[b + (i — 1)T]
(available from the previous iteration). Note that we do not know ¢ (since we do not know occ); in
order to discover when we reach the last block of size T' (i.e. the g-th block), after reconstructing
PAb+ (i — 1)T,b+ i - T] we compare T[i',i +m — 1] L Pfori = PAb +i-T — 1] (i.e., the
last Prefix Array entry in the block). Then, we know that ¢ < ¢ if and only if this equality test
succeeds. Since we realize that we reached block number i = ¢ only when extracting the (¢ + 1)-th
block of length T, this means that the total number of applications of function ¢ is bounded by
occ+T < occ+m/B+1 (constant time each, except the very first ¢(PA[b]), costing O(loglog(n/7))).

As far as the ¢+ 1 comparisons T[i',7' +m — 1] L P are concerned, if the random access oracle
supports the extraction of ¢ contiguous characters of 7 with O(1 4 ¢/B) 1/O complexity, then the
I/O cost of these comparisons amounts to O((1 + oce/T) - (1 +m/B)) = O(1 + occ + m/B).

Note that, when incrementing the block number i, we can re-use the same memory (7' words)
allocated for PA[b+ (i —1)T,b+ - T] in order to store the new block of T' Prefix Array entries. It
follows that the above process uses in total 7' < 1 4+ m/B memory words of space.

If rem = occ mod T > 0, we are left to show how to reconstruct the last block PA[b+¢-T,b+q-
T+rem—1] = PA[V, €], of length rem. The idea is to simply use binary search on PA[Y, v/ +T —1],
which we already extracted in the (g + 1)-th iteration. In each of the O(log7') binary search
steps, we compare P with a substring of 7 of length m. If the random access oracle supports the
extraction of ¢ contiguous characters of 7 with O(14-¢/B) I/O complexity, finding this last (partial)
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block of rem = occ mod T pattern occurrences via binary search costs O((1 + m/B) - logT) =
O((1 +m/B)[log(1 +m/B)]) 1/O complexity using 7' memory words of space.

Putting everything together. Locating the occ — 1 secondary occurrences of P costs O((1 +
m/B)[log(1+m/B)] + occ) 1/O complexity and requires O(1 4+ m/B) words of memory on top of
the index at query time. Combining this with Lemma 13, we obtain:

Theorem 4. LetT € X" be a text. Assume we have access to a text oracle supporting the extraction
of ¢ contiguous characters of T with O(1+¢/B) 1/O complexity. Our data structure locates all the
occ occurrences of P € X™ with O ((dlogT + log(1 +m/B)) - (1 +m/B) + occ + loglog(n/7)) 1/0
complezity and uses O(T) memory words on top of the oracle. At query time, O(m/B) further
memory words are used.

Observe that the extra O(m/B) memory words of space are negligible; most compressed indexes
explicitly store (and/or receive as input) the full pattern at query time anyways, in O(m) words.
The remaining O(7) words of space are spent to store array st-colex™ (at most |st-colex™| <r
words) and Nishimoto and Tabei’s data structure [40] storing function ¢ (less than 27 words using
the optimized implementation of [5]).

3.4 Identity (st-pos): leftmost pattern occurrence

Another notable STPD is obtained by using the identity function 7 (i) = i, trivially satisfying
the order-preserving property of Definition 4. We call the corresponding path decomposition array
st-pos™. The corresponding STPD is almost equal to the one in Figure 4, with the only difference
being that the path starting in the root is 71, 11] (green) rather than 7[11,11] (orange). In this
particular example, the two STPD obtained using m = id and m = IPA are essentially equal because
(as the reader can easily verify) the colexicographically-smallest occurrence of any substring « of
T is also the leftmost one (but of course, this is not always the case for any text 7).

Similarly, st-pos™ is the path decomposition array associated with the dual permutation 7 (i) =
n—14+ 1.

The size of st-pos™ is equal to the number of irreducible values in the Longest Previous Factor
array LPF, a new interesting repetitiveness measure that, to the best of our knowledge, has never
been studied before. While we could not prove a theoretical bound for |st-pos™| and |st-pos™| in
term of known repetitiveness measures®, below we show that these measures are worst-case optimal,
meaning that for every p > 1 we exhibit a family of strings with p = ©(|st-pos™|) requiring O(p)
words to be stored in the worst case.

Moreover, in Section 4 we show that in practice |st-pos ™| and |st-pos™| are consistently smaller
than r.

Theorem 5. For any integers n > 1 and p € [n], there exists a string family F of cardinality (;)

such that every string S € F is over alphabet of cardinality o = p+1 and satisfies |st-pos™(S)| = p+
1 and |S| < np. In particular, no compressor can compress every individual S € F in asymptotically
less than log, (;L) = plog(n/p) + O(p) bits. The same holds for |st-pos™]|.

8 The techniques used by Kempa and Kociumaka [23] to prove that the number of irreducible PLCP values is
bounded by O(dlog?n), do not apply to array LPF.
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Proof. Consider any integer set {x1 > x2 > --- > x,} C [n]. Encode the set as the string S =
0*1-1-0%-2..-0% - p. Then, it is not hard to see that the LPF irreducible positions are 1, 2,
and 7 + 1 for all ¢ < n such that S[i] > 0 (in total, p + 1 irreducible positions). This proves
|st-pos™(S)| = p+ 1. Fix n > 1 and p € [n]. Then, the family F, , of strings built as above
contains (Z) elements and satisfies the conditions of the claim.

The proof for st-pos™ is symmetric: just sort the set’s elements in increasing order {z1 < z3 <
-+ < xp} C [n| and build S as above. Then, the irreducible positions are i = 1,n, and ¢ + 1 for all
i < n such that S[i] > 0 (in total, p + 1 irreducible positions). O

Theorem 5 proves that p = ©(|st-pos™|) words of space are essentially worst-case optimal as a
function of n and p to compress the string (the same holds for p = |st-pos™|). This result is similar
to that obtained in [26] for the repetitiveness measure §. Since by Theorem 2 O(|st-pos™|log(|S|o))
bits (in the theorem above, O(plog(npo)) = O(plog(no)) bits) are also sufficient to compress S
(the same holds for |st-pos™|), this indicates that |st-pos™| and |st-pos™| are two meaningful
repetitiveness measures.

Applications of st-pos. By running Algorithm 1 on arrays st-pos™ and st-pos™, one can quickly
locate the leftmost and rightmost occurrences of P in 7. This is a problem that is not easily solvable
with the r-index (unless using a heavy context-free grammar of O(rlog(n/r)) words supporting
range minimum queries on the Suffix Array — see [19]). We briefly discuss an application of st-pos
and observe interesting connections between this STPD, suffix tree construction, and the Prediction
by Partial Matching compression algorithm.

Taxonomic classification of DNA fragments. The STPD discussed in this section finds an important
application in taxonomic classification algorithms, which we plan to explore in a future publication.
Imagine having a collection of genomes, organized in a phylogenetic tree. The taxonomic classifiers
Kraken [49] and Kraken 2 [48] index the genomes in a given phylogenetic tree such that, given a
DNA read (i.e., a short string over the alphabet {A, C,G,T}), they can map each k-mer (substring
of length k) in that read to the root of the smallest subtree of the phylogenetic tree containing all the
genomes containing that k-mer. Considering the roots for all the k-mers in the read, the tools then
tries to predict from what part of the tree the read came from (with a smaller subtree corresponding
to a more precise prediction). The mapping is fairly easy with k-mers but becomes more challenging
with variable-length substrings such as maximal exact matches (MEMs), for example.

A first step to generalizing the strategy to variable-length strings has been taken in [17]. In
that paper, the authors concatenate the genomes in leaf order and index the resulting string with a
structure able to return the leftmost and rightmost occurrence of all the k-mers of an input string,
where (differently from [48,49]) k is provided at query time rather than index construction time. At
this point, for each k-mer a constant-time lowest-common-ancestor (LCA) query on the (at most)
two genomes (tree nodes) containing those occurrences, yields the smallest subtree containing the
k-mer.

Using suffix tree path decompositions, we can easily extend this solution to any subset of
strings of the query string (e.g. the set of al MEMs). Once we have a MEM, with st-pos™ and
st-post we can find the MEM’s leftmost and rightmost occurrences, the genomes that contain
those occurrences (with a simple predecessor data structure), and those genomes’ LCA — which
is the root of the smallest subtree of the phylogenetic tree containing all occurrences of the MEM.
This means st-pos™ and st-pos™ finally offer the opportunity to generalize Kraken and Kraken
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2’s approach to taxonomic classification to work efficiently (fast query times and fully-compressed
space) with arbitrary-length strings such as MEMs.

Relation to Ukkonen’s suffix tree construction algorithm. We observe the following interesting rela-
tion between the irreducible values in LPF and Ukkonen’s suffix tree construction algorithm [46].
Ukkonen’s algorithm builds the suffix tree by inserting the suffixes from the longest (71, n]) to
the shortest (7 [n,n]). Instead of inserting exactly one suffix per iteration like McCreight’s algo-
rithm [35], Ukkonen’s algorithm inserts a variable number of suffixes per iteration.

Consider the beginning of the i-th iteration, for i = 1,...,n. The algorithm maintains a variable
Jj € [n], indicating that we have already inserted suffixes T[1,n],---7[j—1, n] and we are at the locus
of Tj,i — 1] on the suffix tree. We have two cases. (i) If there already exists a locus corresponding
to T[j,4], i.e., if there exists an out-edge labeled with 7[i] from the current locus, we just walk
down the tree accordingly taking child 7[¢]. (ii) If there is no locus for T7j,] in the tree, then we
create a path labeled with 7 [i,n] (if 7[j,7 — 1] ends in the middle of the label of a suffix tree edge,
we also create an internal node and a suffix link to this new internal node if necessary), meaning
that we are inserting the leaf that corresponds to 7[j,n], then move to the locus for 7[j + 1,7 — 1]
(following a suffix link), increment j by 1 and repeat (ii) until we fall into Case (i) or until j > 1.

When inserting a suffix 7[j,n] during the i-th iteration, we are on the locus of T[j,i — 1],
meaning that there exists a suffix 7[j’, n] with j° < j that is prefixed by T[j,7 — 1], but none of the
suffixes T[j’, n] with j/ < j is prefixed by T[4, 7], which implies that LPF[j] = (i —1)—j+1=1—3j.
Note that if more than one suffix is inserted in the same iteration i, they must be consecutive in
terms of starting positions, i.e., those are T[j,n], T[j + 1,n], -+, T[j + k, n] for some k € [n]. Note
that such suffixes form a decreasing run in LPF since LPF[j + k'] =i —j — k' for 0 < k' < k.
Moreover, observe that (j + k') + LPF[j + k'] = i for 0 < K’ < k, which implies they all those
suffixes contribute to a single element ¢ € st-pos™. As a result, st-pos™ can be interpreted as the
set of iterations in Ukkonen’s algorithm in which at least one leaf is inserted.

Relation with PPM*. To conclude the section, we observe that st-pos™ is tightly connected with the
Prediction by Partial Matching compression algorithm. This connection indicates why this STPD
achieves very good compression in practice (see experimental results in Section 4).

Consider how we decompose the suffix tree for 7[1,n] when building st-pos™. If we choose a
path from a node u to a leaf labeled with SA entry 4, then either

1. w is the root, i = 1, the path’s label is all of 7, and we add 1 to st-pos™; or
2. u is already in a path to a leaf labelled h < 1.

We focus on the second case. Let ¢ > 0 be the length of w’s path label,
Tlhh+€0—1] =Tli,i+{—1],

so we add ¢ + £ to st-pos™.

Notice Ti, i+ ¢ — 1] occurs starting at position h < ¢ but 7[i, 7+ /] is the first occurrence of that
substring. Let i < i < i+ ¢ be the minimum value such that 7[¢,i+ ¢ — 1] occurs in T[1,i+ ¢ —2];
then T[i, i+ ¢] does not occur in T[1,i+ ¢ —1]. Setting j = i + ¢, we obtain the following corollary:

Corollary 6.

either j =1 or, for the minimum value i’ < j
st-pos™ C < j @ such that T[i',j — 1] occurs in T[1,j — 2],
T, 3] does not occur in T|[1,j — 1]
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Prediction by Partial Matching with unbounded context (PPM*) is a popular and effective com-
pression algorithm that encodes each text’s symbol 7 [j] = ¢ according to the probability distribu-
tion of characters following the longest context T, j — 1] = a preceding it that already occurred
before in the text followed by c¢. Here we consider the simple version of PPM* lengths [13] shown in
Algorithm 2. When all previous occurrences of « are never followed by ¢ (that is, the model cannot
assign a nonzero probability for character ¢ given context «), the algorithm outputs a special escape
symbol | followed by character c.

Consider the set of positions at which we emit copies of the escape symbol L when encoding T
with Algorithm 2. By inspection of the algorithm, that set is the same as the one on the right side
of the inequality in Lemma 6. We conclude:

Lemma 14. |st-pos™| is upper-bounded by the number of escape symbols L output by the PPM*
algorithm described in [13] (Algorithm 2).

Algorithm 2: A simple version of PPM*

Encode T[1] as LT1];
for j=2...ndo
i’ < argming {i’ <j: T, j— 1] occurs in T[1,j — 2]};
if T[i', j] occurs in T[1,j — 1] then
Encode TTj] according to the distribution of characters immediately following occurrences of

Tl G~ 1)

else

L Encode T[j] as LT[j];

4 Preliminary experimental results

We show some preliminary experimental results on repetitive genomic collections. In Subsection 4.1
we show that the number of irreducible LCP values is, in practice, much smaller than r. Subsection
4.2 is dedicated to showing that (as expected from Remark 1) the suffix tree has excellent locate
performance compared to the r-index. In subsection 4.3 we show that, in addition to being very
small, our index is also orders of magnitude faster than the r-index (especially as the pattern’s
length m increases).

4.1 |PDA,| in practice

We begin with a few numbers (Table 1) showing how |PDA | compares in practice with n, r, and
7, for m = ISA (|st-lex™|), m = IPA (|st-colex|), and m = id (|st-pos™|). For this experiment,
we used the corpus https://pizzachili.dcc.uchile.cl/repcorpus.html of repetitive DNA collections
(this repository became a standard in the field of compressed data structures). While only being
representative of a small set of data, we find it interesting to observe that on these datasets the
number of irreducible LCP values (|st-lex™| and |st-colex™|) is consistently smaller than the
number of BWT runs (r and 7). From a practical perspective, this means that it is preferable to
use data structures whose space is proportional to |st-colex™ | rather than r. The same holds true
for the number of irreducible LPF values (|st-pos™|).
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influenza cere|escherichia
n 154808556 (461286645| 112689516
|st-lex ™| 1815861| 7455556 9817075
|st-colex™|| 1805730 7455980, 9825972
|st-pos™| 1928408| 8954851| 11677573
r 3022822| 11574641| 15044487
7 3018825 11575583| 15045278

Table 1. Experimental evaluation of Path Decomposition Array sizes on repetitive collections from
http://pizzachili.dcc.uchile.cl/repcorpus.html.

4.2 I/0 complexity of classic versus compressed indexes

We compared custom implementations of the suffix tree and Suffix Array against the original r-
index’s implementation (https://github.com/nicolaprezza/r-index) on a small dataset in order to
confirm the caching effects discussed in Section 1. All the experiments in this and in the following
section have been run on an Intel(R) Xeon(R) W-2245 CPU @ 3.90GHz workstation with 8 cores
and 128 gigabytes of RAM running Ubuntu 18.04 LTS 64-bit.

Due to the large space usage of the suffix tree, in this experiment we tested a text of limited
length n = 10® formed by variants of the SarsCoV2 genome downloaded from the Covid-19 data
portal (www.covidl9dataportal.org/). The goal of the experiment was to verify experimentally the
size and I/O complexity of the suffix tree, Suffix Array, and r-index:

— Suffix tree (Remark 1): O(n) words of space, O(d + m/B) I/O complexity for finding one
occurrence, O(occ) I/O complexity to find the remaining occ — 1 occurrences.

— Suffix array: n words of space on top of the text, O((1+m/B)logn) I/O complexity for finding
one occurrence, O(occ/B) 1/O complexity to find the remaining occ — 1 occurrences.

— r-index: O(r) words of space, 2(m) I/O complexity for finding one occurrence, £2(occ) 1/0
complexity to find the remaining occ — 1 occurrences.

The experiment consisted in running locate queries on 10° patterns of length m = 100, all
extracted from random text positions (in particular, occ > 1 for every pattern). The average
number of occurrences per pattern was 2896 (the dataset is very repetitive). For each pattern, we
measured the running time of locating the first occurrence and that of locating all occurrences.

To no surprise, due to the highly repetitive nature of the dataset, the r-index’s size was of just
0.9 MiB, orders of magnitude smaller than the Suffix Array (0.3 GiB) and of the suffix tree (9.9
GiB). As expected, however, the poor cache locality of pattern matching queries on the r-index
makes it orders of magnitude slower than those two classic data structures. As far as locating the
primary occurrence (finding the pattern’s locus in the suffix tree) was concerned, the r-index took
572 ns per pattern’s character on average. This is not far from the 200 ns per character of the
Suffix Array (where each binary search step causes a cache miss — an effect that gets diluted as m
increases), but one order of magnitude larger than the 60 ns per character of the suffix tree. This
also indicates that the term d (node depth of the pattern’s locus in the suffix tree) has a negligible
effect in practice.

As far as locating the remaining occ — 1 occurrences was concerned, the r-index took 105 ns per
occurrence on average to perform this task. This is five times larger than the 21 ns per character of
the suffix tree; while both trigger at least one cache miss for each located occurrence, the r-index
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executes a predecessor query per occurrence, which in practice translates to several cache misses®.

As expected, the Suffix Array solved this task in 3.4 ns per occurrence. This confirms its O(occ/B)
I/O complexity for outputting the occurrences after locating the Suffix Array range.

4.3 Comparing st-colex™ with the state-of-the-art

Figures 5 and 6 show some preliminary results comparing our index based on st-colex™ (Section
3.3) with the r-index [19], move-r [5], and the Suffix Array on the task of locating all occurrences of
a set of patterns in a text of length n ~ 10°. The suffix tree was excluded from this experiment due
to its size (it did not fit in the RAM of our workstation). Next, we discuss some implementation
choices made in our practical index. Then, we describe the details of the performed experiments.
Finally, we conclude with some comments.

Implementation details. The index follows the design of Section 3.3, except for a few details and
optimizations.

First, due to a smaller space usage and good performance in practice, we decided to use the
original 7-index ¢-function implementation, locating each occurrence in O(log(n/r)) time (rather
than Nishimoto and Tabei’s move structure [40]). This is reflected in the fact that, for large occ
(Figure 6, pattern length 30), we locate pattern occurrences slower than move-r [5] (an optimized
implementation of the move structure [40], which in turn improves the locating mechanism of the
r-index), which however uses much more space. Importantly, the locating mechanism of move-r can
be seamlessly integrated in our index: this gives a space-time trade-off that we discuss below.

As random access oracle, we used an ad-hoc implementation of Relative Lempel Ziv [29], yielding
excellent compression and random access cache locality on repetitive collections of genomes. While
relative Lempel-Ziv cannot formally guarantee O(¢/B) I/O operations for extracting a contiguous
subsequence of ¢ characters, in practice it gets close to this performance on repetitive collections.

Finally, we implemented two heuristics speeding up function sufsearch (see Algorithm 1): (i)
we tabulate the results of short suffixes of length at most kp, (where kp,q, is chosen so that the
table uses a negligible amount of space on top of the index itself), and (ii) we start Algorithm 1
from j = kpar + 1, choosing the value of i returned by the table on P[1, kp,qq]. Heuristics (i) and
(ii) allow avoiding binary search in most cases and dramatically speed up Algorithm 1 in practice.

Datasets and experiments. The input text consisted of 19 variants of Human chromosome 19 (total
length n ~ 10°) downloaded from https://github.com/koeppl/phoni. We extracted 10° patterns
of variable length from the text. For each pattern, we measured the resources (peak memory and
running time per character/occurrence) used by all the indexes while finding one pattern occurrence
(Figure 5) and locating all pattern occurrences (Figure 6).

Comments. On this dataset, our index is smaller than the r-index, about four times smaller than
move-r, and orders of magnitude smaller than the Suffix Array.

As expected, Figure 5 (find queries) shows that our index is always orders of magnitude faster
than the r-index on find queries, and even faster than the Suffix Array (the latter result is due
to the optimizations above described). As expected, move-r is only slightly slower than our index
for m = 30, becoming orders of magnitude slower for longer patterns. This confirms the fact that

9 This gap was recently closed by the move structure of Nishimoto and Tabei [40]. On this dataset, the move-r data
structure [5] was able to locate each occurrence in 14 ns on average.
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move-r incurs O(m) cache misses while solving find queries. With our index, on the other hand,
the query time per character gets smaller as the pattern length increases. This is because, often, a
short pattern prefix suffices to find an STPD path that continues with all the remaining pattern’s
characters (matched very quickly on our random access oracle).

Figure 6 (locate queries), on the other hand, indicates (as expected) that when occ > m the
performance of our index gets close to that of the r-index and worse than that of move-r. This is
the case for m = 30, where each pattern occurred on average 300 times in the (repetitive) text.
Longer patterns occurred less frequently'® and, again, in those regimes our index outperforms all
the others in both query time and space usage.

The locating mechanism of move-r can be seamlessly integrated in our index (since it is just
a way to speed up computing the ¢ function of Definition 11, which stands at the core of our
locating mechanism). This yields (at the same time) the same find performance of our index, the
same locate time per occurrence of the move-r data structure, and about the same space usage
of the move-r data structure (about four times larger than our index). Reducing the space of the
move data structure of Nishimoto and Tabei [40] without sacrificing query times goes out of the
scope of this article and will be covered in a journal extension. While we have partial results in this
direction, however, this approach cannot break the {2(occ) cache misses for locating the pattern’s
occurrences. Obtaining O(occ/B) cache misses in a space comparable to that of our data structure
is the ultimate (challenging) goal of this line of research.

10 For m = 100, occ was 18 on average. For m = 1000, occ was 11 on average. For m = 10000, occ was 4 on average.
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Chrl9 (I = 30) - find primary occurrences
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Fig. 5. Resources (time and working space) used by st-colex™, r-index, move-r, and the Suffix Array to find primary
occurrences of a set of 10° patterns of length 30, 100, 1000, and 10000. Note that our index deviates from the usual
Pareto curve (smaller space, larger query time) and always dominates by a wide margin all other solutions in both
dimensions.
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Chr19 (I = 30) - locate all occurrences
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Fig. 6. Resources (time and working space) used by st-colex™, r-index, move-r, and the Suffix Array to locate all
occurrences of a set of 10° patterns of length 30, 100, 1000, and 10000. Being based on computing the ¢ function,
our locate mechanism cannot escape the Pareto curve when occ is large (top left plot — about 300 occurrences per
pattern on average). Nevertheless, our work shows for the first time that all occurrences can be located with a small
sample of the Prefix Array (unlike suffixient arrays, see Appendix A). Escaping this Pareto curve (for large occ) is
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out of the scope of this article and will be covered in future research.
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A Suffixient Arrays

Like suffixient arrays [9], ours is a technique for sampling the Prefix Array while still maintaining
search functionalities. The idea behind suffixient arrays is rather simple and it is based on the
concept of suffizient set. See Figure 7 for a running example. A suffixient set is a set S C [n] of
text positions with the property that, for every string o labeling the path starting from the suffix
tree root to the first character of every suffix tree edge, there exists a position ¢ € .S such that « is
a suffix of T[1,4]. In other words, for every one-character right-extension a of every right-maximal
string af1, |a] — 1], there exists ¢ € S such that « is a suffix of 71,i]. The suffixient array sA is
simply a (not necessarily unique) suffixient set S of smallest cardinality, sorted according to the
co-lexicographic order of the corresponding text prefixes {7[1,7] : i € S}. As discussed in the
caption of Figure 7 with an example, binary search on sA and random access on 7 suffice to locate
one pattern occurrence.

Fig. 7. Visualization of a smallest suffixient set for string AACGCGCGAAS. The corresponding suffixient array is
sA = [11,2,9,3,7,4] (assuming alphabet order $ < A < C < G). We show how pattern matching works with an
example. Imagine the task of matching pattern P = CGCGA on T, and assume that P does occur in 7. Since
the alphabet has cardinality at least 2, then the empty string € is right-mazimal, hence the pattern prefix C is a
one-character extension of a right-maximal string. By binary search on sA and random access on 7, we find all ¢ € sA
such that C suffixes 71,4]: in this case, T[1, 3] and 71, 7]. Choose arbitrarily such a prefix, for instance 71, 3] (this
arbitrary choice does not affect correctness of the procedure). From this point, continue matching (by random access on
T) the remaining suffix P[2,5] = GCGA with 7’s suffix following the match: 7[4,7] = GCGCGAAS. As highlighted,
three characters (GC'G) match. At this point, we know that both 7[3,7] = CGCGC and PI1,5] = CGCGA occur in
the text. But then, this means again that P[1,4] = CGCG is right-maximal, hence binary-searching sA with string
CGCGA will yield at least one prefix being suffixed by CGCGA: in this case, T[1,9]. Since we reached the end of
P, we found an occurrence of P, that is: P =T[9—m+ 1,9 = T[5,9].

While suffixient arrays sample every edge of the suffix tree (see Figure 7), our technique samples
just a subset of the edges (that is, the first edges in every STPD path, see Figure 1). As we show
in this paper, this has several benefits: it leads to a smaller sampling size (consistently smaller in
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practice), it allows us to locate the occurrence optimizing a user-defined function 7, and ultimately
it allows us to simulate suffix tree operations and locate all pattern occurrences.

B Basic Concepts

We review more basic concepts. We start with the definition of the Suffix/Prefix Array and their
inverses.

Definition 20 (Suffix Array (SA) etc. [34]). Let S be a string of length n.

— The Suffix Array SA of S is the permutation of [n] such that S[SA[i],n] <iez S[SA[j],n] holds
for any i,j € [n] with i < j.

— The Prefix Array PA of S is the permutation of [n] such that S[1, PA[i]] <cotex S[1, PA[j]] holds
for any i,j € [n] with i < j.

— The Inverse Suffix Array ISA of S is the permutation of [n]| such that ISA[i] = j if and only if
SA[j] = .

— The Inverse Prefix Array IPA of S is the permutation of [n] such that IPA[i] = j if and only if
PA[j] = 1.

We proceed with the definition of the suffix tree. In what follows, we fix a text 7 of length n.

Definition 21 (Suffix trie and Suffix tree (ST) [47]). The suffix tree of T is an edge-labeled
rooted tree with n leaves numbered from 1 to n such that (i) each edge is labeled with a non-
empty substring of T, (ii) each internal node has at least two outgoing edges, (iii) the labels of
outgoing edges from the same node start with different characters, and (iv) the string obtained by
concatenating the edge labels on the path from the root to the leaf node numbered SAli] is T[SA[i], n]
where SA is the Suffix Array of T .

The suffix trie of T is the edge-labeled tree obtained from the suffix tree by replacing every edge
labeled with a string « with a path of || edges labeled with «[1], ..., a[|a|]. Hence the suffix trie
is edge-labeled with characters, while the suffix tree is edge-labeled with strings. A node of degree
2 in the suffix trie that is not the root is an implicit node, all other nodes are explicit nodes. Note
that explicit nodes are the nodes that are both in the suffix tree and the suffix trie, while a node
that is introduced by the procedure of replacing edges with paths above is an implicit node. For an
internal node w in the suffix tree, we denote with out(u) C X the set of first characters of strings
labeling outgoing edges of w.

Definition 22 (Path Label, String Depth, Locus). (i) For a node u in the suffix tree/trie of
T, we call a(u) the unique string obtained by concatenating the edge labels on the path from the
root of the suffix tree to u the path label of u. (ii) We call sd(u) = |a(u)| the string depth of u.
(iii) For a right-maximal substring o of T, the locus of a, denoted by locus(«), is the unique suffix
tree node u for which a(u) = a.

Observe that, for any ¢ # j, the longest common extension 7 [i,i + rlce(i, j) — 1] at 4,7 is a right
maximal substring whose locus is at string depth rlce(é, j) in the suffix tree.

We proceed with the definitions of the longest common Prefix Array, the permuted longest
common Prefix Array, and the longest previous factor array. Note that LCP is the longest common
Prefix Array for a text 7, while lcp was the function that for two strings returns the length of their
longest common prefix.
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Definition 23 (LCP, PLCP, and LPF). Let S be a string of length n.

— The longest common prefix array LCP of S is the length-(n—1) integer array such that LCP[i] :=
S.rlce(SA[i],SA[i — 1)), for all i € [2,n], where SA is the Suffix Array of S.

— The permuted longest common prefix array PLCP of S is the length-(n — 1) integer array such
that PLCP[i] := LCP[ISA[i]], for all i € [n — 1], where ISA is the Inverse Suffiz Array of S.

— An irreducible PLCP value is a value PLCP[i] such that i =1 or PLCP[i] # PLCP[i — 1] — 1.

— The longest previous factor array LPF of S is the length-n integer array such that LPF[i] :=
max{S.rlce(i, j) : j < i} for all i € [n].

We now define the Burrows-Wheeler transform. In order to do so we need to define the rotations
of a string. For a string S of length n and an integer ¢ € [n], the ¢’th rotation of S is the string
ST :=8li+1]...8[n|S[1]... S]]

Definition 24 (Burrows-Wheeler Transform [8]).

— The Burrows-Wheeler transform (co-Burrows-Wheeler transform) of a string S, denoted by
BWT(S) (coBWT(S)), is the permutation of the characters of S that is obtained by lexico-
graphically sorting (co-lexicographically sorting) all the rotations of S and taking the last (first)
characters of the strings in this sorted list.

— We define r (¥) as the number of equal-letter runs in BWT(S) (coBWT(S)), i.e., the number
of mazimal substrings of BWT(S) (coBWT(S)) containing a single character.

We will omit S when clear from the context.

Remark 8. The following properties concerning the SA, ISA, BWT, and coBWT of a string S are
immediate from their definition. For i, j € [n],

BWT(S)[i] = S[SA[i] — 1], where S[0] := S|n].
If ISA[i] < ISA[j] and S[i — 1] = S[j — 1], then ISA[i — 1] < ISA[j — 1], where ISA[0] := ISA[n].
BWTIISAi]] = S[i — 1].

BWT(S) = BWT(S).

coBWT[i] = S[PA[i] + 1] where S[n + 1] := S[1].

U LN

We proceed with the definition of Range Minimum and Maximum queries.

Definition 25. Given a list L of n integers, the Range Minimum (Maximum) query on L with
arguments £,r € [n], returns the index argmingcr , Llk] (argmaxyc,L[k]) of the minimum (maz-
imum) element in L[(,r].

There exists a data structure that uses 2n+o(n) bits and supports Range Minimum (Maximum)
queries in O(1) time [16].
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